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Preface

This document contains the full formalization of CoreGI, a subset of JavaGI.1 All typing rules
are fully worked out and all proofs are complete. However, there is no explaining text yet. For
questions, please contact the author.
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prog ::= def e
def ::= cdef | idef | impl

cdef ::= class C 〈X〉 extends N where P

{T f m : mdef }
idef ::= interface I 〈X〉 [Y whereR] where P

{m : staticmsig rcsig }
impl ::= implementation〈X〉 K [N ] where P

{ staticmdef rcdef }
rcsig ::= receiver {m : msig}
rcdef ::= receiver {mdef }
msig ::= 〈X〉T x → T where P
mdef ::= msig {e}
M,N ::= C 〈T 〉 | Object
G, H ::= X | N
K, L ::= I 〈T 〉

T,U, V, W ::= G | K
R,S ::= G implementsK
R, S ::= T implementsK
P,Q ::= R | X extendsT
P,Q ::= R | T extendsT

e ::= x | e.f | e.m〈T 〉(e) | K[T ].m〈T 〉(e)
| newN (e) | (N) e

X, Y, Z ∈ TvarName C,D ∈ ClsName I, J ∈ IfaceName
m ∈ MethodName f, g ∈ FieldName x, y ∈ VarName

Figure 1: Syntax of CoreGI.

1 Definition of CoreGI
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N Ec N

ext-c-refl

N Ec N

ext-c-super

class C 〈X〉 extends M . . . [T/X]M Ec N

C 〈T 〉 Ec N

K Ei K

ext-i-refl

K Ei K

ext-i-super

interface I 〈X〉 [Y whereR] . . . Ri = Y implementsK [T/X]K Ei L

I 〈T 〉 Ei L

Figure 2: Class and interface inheritance.
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getmdefc(m,N) = 〈X〉T x → T where P {e}
dyn-mdef-c-base
class C 〈X〉 extends N where P {T f m : mdef }

getmdefc(mj ,C 〈U〉) = [U/X]mdef j

dyn-mdef-c-super
class C 〈X〉 extends N where P {T f m : mdef }

m /∈ m getmdefc(m, [U/X]N) = 〈X〉V x → V where P {e}
getmdefc(m,C 〈U〉) = 〈X〉V x → V where P {e}

getmdef i(m,N, N) = 〈X〉T x → T where P {e}

dyn-mdef-i

interface I 〈Z ′〉 [Zl
whereR] where P { . . . rcsig }

rcsigj = receiver {m : msig} msigk = 〈Y 〉T x → T where Q

(∀i ∈ [l], i 6= j) contribZi(T , N) = M?
i contribZj (ZjT , NN) = M?

j

minimpl{([V/X], implementation〈X〉 I 〈U〉 [M ′ ] . . .) | (∀i ∈ [l]) M?
i = nil or M?

i Ec [V/X]M ′
i}

= (σ, implementation〈X〉 I 〈U〉 [M ′ ] where P ′ { . . . rcdef })
rcdef j = receiver {mdef }

getmdef i(mk, N, N
n
) = σmdef k

getsmdef(m,K,U) = 〈X〉T x → T where P {e}

dyn-mdef-s
interface I 〈Z ′〉 [Z whereR] where Q {m : staticmsig . . . }

(σ, implementation〈X〉 I 〈U〉 [N
l
] where P { staticmdef . . . }) =

minimpl{([V/X], implementation〈X〉 I 〈U〉 [N
l
] . . . ) | (∀i ∈ [l]) Ni = Object or Wi Ec [V/X]Ni}

getsmdef(mk, I 〈T 〉,W l
) = σmdef k

minimpl{(σ, impl)} = (σ, impl) contribX(T , N) = N? N tN = N
⊔

N = N

min-mdef

impl i = implementation〈Xi〉 I 〈Vi〉 [Ni
l
] . . . n ≥ 1 (∀i ∈ [n]) σkNk Ec σiNi

minimpl{(σ1, impl1), . . . , (σn, impln)} = (σk, implk)
contrib-non-empty

C = {Ni | i ∈ [n], Ti = X} C 6= ∅
⊔

C = M

contribX(T
n
, N

n
) = M

contrib-empty
C = {Ni | i ∈ [n], Ti = X} C = ∅

contribX(T
n
, N

n
) = nil

lub-right
N Ec M

N tM = M

lub-left
M Ec N

N tM = N

lub-super
not C 〈T 〉 Ec N not N Ec C 〈T 〉

class C 〈X〉 extends N ′ . . . [T/X]N ′ tN = M

C 〈T 〉 tN = M

lub-set-single⊔
{N} = N

lub-set-multi

N 6= ∅
⊔

N = M ′ M ′ tN = M⊔
(N ∪̇ {N}) = M

Figure 3: Dynamic selection of method definitions.
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Values and evaluation contexts

v, w ::= newN (v)
E ::= � | E .f | E .m〈T 〉(e) | v.m〈T 〉(v, E , e)

| K[T ].m〈T 〉(v, E , e) | newN (v, E , e) | (N) E

Top-level reduction: e 7−→ e

dyn-field
fields(N) = U f

newN (v).fi 7−→ vi

dyn-invoke-c
v = newN (w) getmdefc(mc, N) = 〈X〉T x → T where P {e}

v.mc〈U〉(v) 7−→ [v/this, v/x][U/X]e
dyn-invoke-i
(∀i ∈ {0, . . . , n}) vi = newNi(wi) getmdef i(mi, N0, N) = 〈X〉T x → T where P {e}

v0.m i〈U〉(vn) 7−→ [v0/this, v/x][U/X]e
dyn-invoke-s
getsmdef(m,K,U) = 〈X〉T x → T where P {e}

K[U ].m〈V 〉(v) 7−→ [v/x][V/X]e

dyn-cast
v = newM (w) M Ec N

(N) v 7−→ v

Context reduction: e −→ e
dyn-context

e 7−→ e′

E [e] −→ E [e′]

fields(N) = T f

fields-object

fields(Object) = •

fields-class

class C 〈X〉 extends N where P {T f . . . } fields([U/X]N) = T ′ f ′

fields(C 〈U〉) = T ′ f ′, [U/X]T f

Figure 4: Dynamic semantics of CoreGI.

non-static(I)
non-static-iface
interface I 〈X〉 [Y whereR] where P {m : staticmsign

. . . }
n = 0 (∀i) if Ri = Z implements J 〈T 〉 then non-static(J)

non-static(I)

j ∈ posπ(I) X ∈ posπ(msig) X ∈ posπ(rcsig) X ∈ posπ(Q)
pos-iface

interface I 〈X〉 [Y whereR] where P {m : staticmsig rcsig }
(∀i) Yj ∈ posπ(msig i) (∀i) Yj ∈ posπ(rcsig i) (∀i) Yj ∈ posπ(Ri) Yj /∈ ftv(P )

j ∈ posπ(I)
pos-msig-plus

Y /∈ ftv(T )
Y ∈ pos+(〈X〉T x → U where P )

pos-msig-minus
Y /∈ ftv(U)

Y ∈ pos−(〈X〉T x → U where P )
pos-recv

(∀i) X ∈ posπ(msig i)
X ∈ posπ(receiver {m : msig})

pos-constr
(∀i) if X = Gi then i ∈ posπ(I)
X ∈ posπ(G implements I 〈U〉)

Figure 5: Restrictions on interfaces and implementing types.
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∆  P

ent-extends
∆ ` T ≤ U

∆  T extendsU

ent-env
P ∈ ∆
∆  P

ent-super
interface I 〈X〉 [Y whereR] . . . ∆  U implements I 〈T 〉

∆  [T/X, U/Y ]Ri

ent-impl

implementation〈X〉 I 〈T 〉 [N ] where P . . . ∆  [U/X]P

∆  [U/X](N implements I 〈T 〉)
ent-up
∆ ` U ≤ U ′ ∆  T U ′ V implements I 〈W 〉 n ∈ pos−(I)

∆  T
n−1

U V implements I 〈W 〉

ent-iface
1 ∈ pos+(I) non-static(I)
∆  I 〈T 〉 implements I 〈T 〉

∆ ` T ≤ T

sub-refl

∆ ` T ≤ T
sub-object

∆ ` T ≤ Object

sub-trans
∆ ` S ≤ T ∆ ` T ≤ U

∆ ` S ≤ U

sub-var
X extendsT ∈ ∆

∆ ` X ≤ T
sub-class
class C 〈X〉 extends N . . .

∆ ` C 〈T 〉 ≤ [T/X]N

sub-iface
interface I 〈X〉 [Y whereR] . . . Ri = Y implementsK

∆ ` I 〈T 〉 ≤ [T/X]K
sub-impl
∆  T implementsK

∆ ` T ≤ K

Figure 6: Entailment and subtyping.

mtype∆(m,T ) = 〈X〉U x → U where P smtype∆(m,K[T ]) = 〈X〉U x → U where P

mtype-class

class C 〈X〉 extends N where P { . . . m : msig {e} }
mtype∆(mc

j ,C 〈T 〉) = [T/X]msigj

mtype-iface
interface I 〈X〉 [Y whereR] where P { . . . rcsig }

rcsigj = receiver {m : msig} ∆  T implements I 〈V 〉
mtype∆(mi

k, Tj) = [V/X, T/Y ]msigk

mtype-static
interface I 〈X〉 [Y whereR] where P {m : staticmsig . . . } ∆  T implements I 〈U〉

smtype∆(mi
k, I 〈U〉[T ]) = [U/X, T/Y ]msigk

Figure 7: Method types.
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∆ ` T ok
ok-tvar
X ∈ dom(∆)
∆ ` X ok

ok-object

∆ ` Object ok

ok-class

class C 〈X〉 extends N where P . . . ∆ ` T ok ∆  [T/X]P
∆ ` C 〈T 〉 ok

ok-iface
interface I 〈X〉 [Y whereR] where P . . .

∆ ` T ok Y /∈ ftv(T , ∆) ∆, Y implements I 〈T 〉  [T/X]R,P

∆ ` I 〈T 〉 ok

∆ ` P ok
ok-impl-constr

interface I 〈X〉 [Y whereR] where P . . . ∆ ` T , U ok ∆  [U/X, T/Y ]R,P

∆ ` T implements I 〈U〉 ok
ok-ext-constr

∆ ` T,U ok

∆ ` T extendsU ok

Figure 8: Well-formedness of types and constraints.

∆; Γ ` e : T

exp-var

∆; Γ ` x : Γ(x)

exp-field
∆; Γ ` e : C 〈T 〉 class C 〈X〉 extends N where P {U f . . . }

∆; Γ ` e.fj : [T/X]Uj

exp-invoke
∆; Γ ` e : T mtype∆(m,T ) = 〈X〉U x → U where P

(∀i) ∆; Γ ` ei : [V/X]Ui ∆  [V/X]P ∆ ` V ok

∆; Γ ` e.m〈V 〉(e) : [V/X]U
exp-invoke-s

smtype∆(m, I 〈W 〉[T ]) = 〈X〉U x → U where P

(∀i) ∆; Γ ` ei : [V/X]Ui ∆  [V/X]P ∆ ` T , V ok

∆; Γ ` I 〈W 〉[T ].m〈V 〉(e) : [V/X]U
exp-new
∆ ` N ok fields(N) = T f (∀i) ∆; Γ ` ei : Ti

∆; Γ ` newN (e) : N

exp-cast
∆ ` N ok ∆; Γ ` e : T

∆; Γ ` (N) e : N
exp-subsume
∆; Γ ` e : U ∆ ` U ≤ T

∆; Γ ` e : T

Figure 9: Expression typing.
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∆ ` msig ≤ msig override-ok∆(m : msig , N)

sub-msig
∆, P ` T ≤ T ′

∆ ` 〈X〉T x → T where P ≤ 〈X〉T x → T ′ where P
ok-override
(∀N ′) if ∆ ` N ≤ N ′ and mtype∆(m,N ′) = 〈X〉T x → T where P

then ∆ ` msig ≤ 〈X〉T x → T where P

override-ok∆(m : msig , N)

∆ ` msig ok ∆; Γ ` mdef ok ∆ ` m : mdef ok in N ∆ ` rcsig ok

ok-msig
∆, P ,X ` T , U, P ok

∆ ` 〈X〉T x → U where P ok

ok-mdef
∆ ` 〈X〉T x → U where P ok ∆, P ,X; Γ, x : T ` e : U

∆; Γ ` 〈X〉T x → U where P {e} ok
ok-mdef-in-class
∆; this : N ` msig {e} ok override-ok∆(m : msig , N)

∆ ` m : msig {e} ok in N

ok-rcsig
(∀i) ∆ ` msig i ok

∆ ` receiver {m : msig} ok

∆ ` mdef implements msig ∆ ` rcdef implements rcsig

impl-meth
∆; Γ ` msig {e} ok ∆ ` msig ≤ msig ′

∆; Γ ` msig {e} implements msig ′

impl-recv
(∀i) ∆; Γ ` mdef i implements msig i

∆; Γ ` receiver {mdef } implements receiver {m : msig}

` cdef ok ` idef ok ` impl ok

ok-cdef
P ,X ` N,P , T ok (∀i) P ,X ` mi : mdef i ok inC 〈X〉
` class C 〈X〉 extends N where P {T f m : mdef } ok

ok-idef
R,P ,X, Y ` R,P ,msig , rcsig ok

` interface I 〈X〉 [Y whereR] where P {m : static msig rcsig } ok
ok-impl

P ,X ` N implements I 〈T 〉, P ok
interface I 〈Y 〉 [Z whereR] where Q {m : staticmsig rcsig }

(∀i) P ,X; ∅ ` mdef i implements [T/Y ,N/Z]msig i

(∀i) P ,X; this : Ni ` rcdef i implements [T/Y ,N/Z]rcsig i

` implementation〈X〉 I 〈T 〉 [N ] where P { staticmdef rcdef } ok

` prog ok

ok-prog
` def ok ∅; ∅ ` e : T

` def e ok

Figure 10: Program typing.
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2 Quasi-algorithmic Subtyping and Entailment

∆ q P

ent-q-alg-extends

∆ q̀ T ≤ U

∆ q T extendsU
ent-q-alg-up

(∀i) ∆ q̀
′ Ti ≤ Ui (∀i) if Ti 6= Ui then i ∈ pos−(I) ∆ q

′ U implements I 〈V 〉
∆ q T implements I 〈V 〉

∆ q
′ R

ent-q-alg-env

S ∈ ∆ R ∈ sup(S)
∆ q

′ R

ent-q-alg-impl

implementation〈X〉 I 〈T 〉 [N ] where P . . . ∆ q [U/X]P

∆ q
′ [U/X](N implements I 〈T 〉)

ent-q-alg-iface

1 ∈ pos+(I) I 〈V 〉 Ei K non-static(I)
∆ q

′ I 〈V 〉 implementsK

R ∈ sup(R)

sup-id

R ∈ sup(R)

sup-step
interface I 〈X〉 [Y whereS] . . . U implements I 〈V 〉 ∈ sup(R)

[V/X, U/Y ]Sj ∈ sup(R)

Figure 11: Quasi-algorithmic entailment.
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∆ q̀
′ T ≤ T

sub-q-alg-obj

∆ q̀
′ T ≤ Object

sub-q-alg-var-refl

∆ q̀
′ X ≤ X

sub-q-alg-var

X extendsT ∈ ∆ U 6= X, U 6= Object ∆ q̀
′ T ≤ U

∆ q̀
′ X ≤ U

sub-q-alg-class

N Ec N ′ N ′ 6= Object

∆ q̀
′ N ≤ N ′

sub-q-alg-iface

K Ei K ′

∆ q̀
′ K ≤ K ′

∆ q̀
′ T ≤ T

sub-q-alg-kernel

∆ q̀
′ T ≤ U

∆ q̀ T ≤ U

sub-q-alg-impl

∆ q̀
′ T ≤ U ∆ q

′ U implementsK

∆ q̀ T ≤ K

Figure 12: Quasi-algorithmic subtyping.

3 Entailment and Subtyping Algorithms
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∆ a P

ent-alg-main
∆; ∅; false a P

∆ a P

∆; G ;β a P

ent-alg-extends
∆; G à T ≤ U

∆; G ;β a T extendsU

ent-alg-env
R ∈ ∆ G implements I 〈V 〉 ∈ sup(R) ∆; β; I à T ↑ G

∆; G ;β a T implements I 〈V 〉
ent-alg-iface1

∆; β; I à T ↑ I 〈V 〉 1 ∈ pos+(I) non-static(I)
∆; G ;β a T implements I 〈V 〉

ent-alg-iface2

1 ∈ pos+(I) I 〈V 〉 Ei K non-static(I)
∆; G ;β a I 〈V 〉 implementsK

ent-alg-impl

implementation〈X〉 I 〈V ′〉 [N ] where P . . . ∆; β; I à T ↑ [U/X]N V = [U/X]V ′

[U/X]N implements I 〈V 〉 /∈ G ∆; G ∪ {[U/X]N implements I 〈V 〉}; false a [U/X]P
∆; G ;β a T implements I 〈V 〉

∆; β; I à T ↑ U

ent-alg-lift
(∀i) ∆ à

′ Ti ≤ Ui β or
(
(∀i) if Ti 6= Ui then i ∈ pos−(I)

)
∆; β; I à T

n ↑ U
n

∆ à
′ T ≤ U ∆ à T ≤ U

sub-alg-kernel-quasi

∆ q̀
′ T ≤ U

∆ à
′ T ≤ U

sub-alg-main
∆; ∅ à T ≤ U

∆ à T ≤ U

∆; G à T ≤ U

sub-alg-kernel
∆ à

′ T ≤ U

∆; G à T ≤ U

sub-alg-impl
∆; G ; true a T implementsK

∆; G à T ≤ K

Figure 13: Algorithmic entailment and subtyping.
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{Ti ≤? Ui}
∆=⇒ {T ′

i ≤? Ui}
u-class

C 6= D class C 〈Y 〉 extends M . . .

{C 〈T 〉 ≤? D〈U〉} ∪̇S
∆=⇒ {[T/Y ]M ≤? D〈U〉} ∪S

u-iface-up
I 6= J interface I 〈X〉 [Y whereR] . . . Ri = Y implementsK

{I 〈T 〉 ≤? J 〈U〉} ∪̇S
∆=⇒ {[T/X]K ≤? J 〈U〉} ∪S

u-iface-object

{K ≤? G} ∪̇S
∆=⇒ {Object ≤? G} ∪S

u-var-env
X extendsT ∈ ∆

{X ≤? U} ∪̇S
∆=⇒ {T ≤? G} ∪S

u-var-object
X extendsT /∈ ∆ for all T

{X ≤? U} ∪̇S
∆=⇒ {Object ≤? U} ∪S

Figure 14: Transformation rules for unification modulo subtyping

unify≤(∆, X, {Ti ≤? Ui}) {
for (each normal form {Vi ≤? Wi} of {Ti ≤? Ui} according to ∆=⇒) {
if (unify=({Vi =? Wi}, X) == OK(σ))
return OK(σ);

5 }
return FAIL;

}

unify=({Ti =? Ui}, X) {
if (there exists an idempotent mgu σ of {Ti =? Ui} with dom(σ) ⊆ X)
return OK(σ);

else
5 return FAIL;

}

Figure 15: Algorithm for unification modulo subtyping
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entails(∆,P) { return entailsAux(∆, ∅, false,P); }
entailsAux(∆,G , β,P) {
switch (P) {
case T extendsU:

5 return subAux(∆,G , T , U);
case X mono: return X mono ∈ ∆;
case N mono: return true;
case T implements I 〈V 〉:
// rule ent-alg-env

10 for (R ∈ ∆, G implements I 〈V 〉 ∈ sup(R)) { if (lift(∆, β, I, T , G)) return true; }
switch (T) {
// rule ent-alg-iface1

case T: if (lift(∆, β, I, T , I 〈V 〉) && 1 ∈ pos+(I) && non-static(I)) return true;
// rule ent-alg-iface2

15 case J 〈W 〉: if (1 ∈ pos+(J) && J 〈W 〉 Ei I 〈V 〉 && non-static(J)) return true;
}
// rule ent-alg-impl

for implementation〈X〉 I 〈W 〉 [N ] where P
n

. . . {
if (unify≤(∆, X, {Ti ≤? Ni}) == OK(σ) && lift(∆, β, I, T , σN)

20 && V ==σW && σN implements I 〈V 〉 /∈ G ) {
G0 = G ∪ {σN implements I 〈V 〉};
if (∀i ∈ [n],entailsAux(∆,G0, false, σPi)) return true;

}
}

25 return false; // no rule applicable
}

}

sub(∆, T , U) { return subAux(∆, ∅, T , U); }
30 subAux(∆,G , T , U) {

if (sub’(∆, T , U)) return true;
switch (U) { case K: return entailsAux(∆,G , true, T implementsK); }
return false;

}
35

sub’(∆, T , U) {
switch (T,U) {
case ( ,Object): return true;
case (X,X): return true;

40 case (X, ):
for X extendsV ∈ ∆ { if (sub’(∆, V , U)) return true; }
return false;

case (N1,N2): return N1 Ec N2;
case (K1,K2): return K1 Ei K2;

45 }
return false;

}

lift(∆, β, I, T
n
, U

m
) {

50 return (n==m && ∀i ∈ [n],(sub’(∆, Ti, Ui) && (β || Ti==Ui || i ∈ pos−(I))));
}

Figure 16: Entailment and subtyping algorithms.
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4 Expression Typing Algorithm

∆ ?
a T ? implements I 〈T ?〉 _ R

ent-nil-alg-main

∆; ∅; false ?
a T ? implements I 〈U?〉 _ R

∆ ?
a T ? implements I 〈U?〉 _ R

∆; G ;β ?
a T ? implements I 〈T ?〉 _ R

ent-nil-alg-env

R ∈ ∆ G implements I 〈V 〉 ∈ sup(R) ∆; β; I `?
a T ? ↑ G _ T (∀i) V ?

i ] Vi

∆; G ;β ?
a T ? implements I 〈V ?〉 _ T implements I 〈V 〉

ent-nil-alg-iface1

∆; β; I à T ↑ I 〈V 〉 1 ∈ pos+(I) non-static(I) (∀i) V ?
i ] Vi

∆; G ;β ?
a T implements I 〈V ?〉 _ T implements I 〈V 〉

ent-nil-alg-iface2

1 ∈ pos+(I) non-static(I) I 〈V 〉 Ei J 〈U〉 (∀i) U?
i ] Ui

∆; G ;β ?
a I 〈V 〉 implements J 〈U?〉 _ I 〈V 〉 implements J 〈U〉

ent-nil-alg-impl
implementation〈X〉 I 〈V 〉 [N ] where P . . .

∆; β; I `?
a T ? ↑ [U/X]N _ T (∀i) V ?

i ] [U/X]Vi [U/X]N implements I 〈[U/X]V 〉 /∈ G

∆; G ∪ {[U/X]N implements I 〈[U/X]V 〉}; false a [U/X]P

∆; G ;β ?
a T ? implements I 〈V ?〉 _ T implements I 〈[U/X]V 〉

∆; β; I `?
a T ? ↑ T _ T

ent-nil-alg-lift
(∀i) T ?

i = nil or ∆ à
′ T ?

i ≤ Ui β or
(
(∀i) if T ?

i 6= Ui and T ?
i 6= nil then i ∈ pos−(I)

)
(∀i) if T ?

i = nil then Vi = Ui else Vi = T ?
i

∆; β; I `?
a T ?

n
↑ U

n
_ V

n

T ? ] T

matches-nil

nil ] T
matches-equal

T ] T

Figure 17: Algorithmic entailment for nillable constraints.
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a-mtype∆(m,T, T ) = 〈X〉U x → U where P

alg-mtype-class
bound∆(T ) = N a-mtypec(mc, N) = 〈X〉U x → U where P

a-mtype∆(mc, T, T ) = 〈X〉U x → U where P

alg-mtype-iface

interface I 〈Z ′〉 [Zl
whereR] where P { . . . rcsig }

rcsigj = receiver {m : msig} mi = mk msigk = 〈Y 〉U x → U where Q

(∀i ∈ [l], i 6= j) contrib′∆;Zi
(U, T ) = V ?

i contrib′∆;Zj
(Zj U, T T ) = V ?

j

p? = (if U = Zi for some i ∈ [l] then i else nil)
W implements I 〈W ′〉 =

pick-constrp
?

∆ {V implements I 〈V ′′〉 | (∀i ∈ [l]) if V ?
i = nil then V ?

i = nil
else define V ?

i such that
∆ à

′ V ′
i ≤ V ?

i for some V ′
i ∈ V ?

i ,

∆ ?
a V ? implements I 〈nil〉 _ V implements I 〈V ′′〉}

a-mtype∆(mi, T, T ) = [W/Z,W ′/Z ′]msigk

a-mtypec(m,N) = 〈X〉U x → U where P

alg-mtype-direct
class C 〈X〉 extends N where P {T f m : mdef } mdef i = msig {e}

a-mtypec(mi,C 〈T 〉) = [T/X]msig
alg-mtype-super

class C 〈X〉 extends N where P {T f m : mdef }
m /∈ m a-mtypec(m, [T/X]N) = 〈X〉U x → U where P

a-mtypec(m,C 〈T 〉) = 〈X〉U x → U where P

bound∆(T ) = N pick-constrk
?

∆ R = R contrib′∆;X(T , T ) = T ? MUB∆(T ) = T

bound-var
∆ à

′ X ≤ N if ∆ à
′ X ≤ N ′ then N Ec N ′

bound∆(X) = N

bound-class

bound∆(N) = N
bound-iface

bound∆(K) = Object

pick-constr-nil
n ≥ 1 i ∈ [n]

pick-constrnil
∆{R

n} = Ri

pick-constr-non-nil
n ≥ 1 (∀i ∈ [n]) ∆ à

′ Tjk ≤ Tik

pick-constrk∆{T1 implementsK1, . . . , Tn implementsKn} = Tj implementsKj

contrib-non-empty’
T = {Ti | i ∈ [n], Ui = X} T 6= ∅ V = MUB∆(T )

contrib′∆;X(U
n
, T

n
) = V

contrib-empty’
{Ti | i ∈ [n], Ui = X} = ∅
contrib′∆;X(U

n
, T

n
) = nil

mub
V = {V | (∀T ∈ T ),∆ à

′ T ≤ V } U = {V ∈ V | (∀V ′ ∈ V \ {V }) not ∆ à
′ V ′ ≤ V }

MUB∆(T ) = U

Figure 18: Algorithmic method types.
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∆; Γ à e : T

exp-alg-var

∆; Γ à x : Γ(x)

exp-alg-field
∆; Γ à e : T bound∆(T ) = N fields(N) = U f

∆; Γ à e.fj : Uj

exp-alg-invoke-d
∆; Γ à e : T (∀i) ∆; Γ à ei : Ti a-mtype∆(m,T, T ) = 〈X〉U x → U where P

(∀i) ∆ à Ti ≤ [V/X]Ui ∆ a [V/X]P ∆ à V ok

∆; Γ à e.m〈V 〉(e) : [V/X]U
exp-alg-invoke-s

a-smtype∆(m, I 〈W 〉[T ]) = 〈X〉U x → U where P

(∀i) ∆; Γ à ei : U ′
i (∀i) ∆ à U ′

i ≤ [V/X]Ui ∆ a [V/X]P ∆ à T , V ok

∆; Γ à I 〈W 〉[T ].m〈V 〉(e) : [V/X]U
exp-alg-new
(∀i) ∆; Γ à ei : Ti ∆ à N ok fields(N) = U f (∀i) ∆ à Ti ≤ Ui

∆; Γ à newN (e) : N
exp-alg-cast
∆ à N ok ∆; Γ à e : T

∆; Γ à (N) e : N

Figure 19: Algorithmic expression typing. The relations ∆ à T ok, ∆ à P ok, and
a-smtype∆(m,K[T ]) = 〈X〉U x → U where P are defined as the relations ∆ ` T ok, ∆ ` P ok,
and smtype∆(m,K[T ]) = 〈X〉U x → U where P, respectively, replacing ` with à and  with a.

16



5 Well-formedness Criteria

5.1 Well-formedness Criteria for Type Soundness

5.1.1 Class Definitions

For each class
class C 〈X〉 extends N where P {T f

n
m : mdef

l }
the following well-formedness criteria must hold:

Wf-Class-1 The field names, including names of inherited fields, are unique. That is, i 6= j ∈ [n]
implies fi 6= fj and fields(N) = U g implies f ∩ g = ∅.

Wf-Class-2 The method names m are unique. That is, i 6= j ∈ [l] implies mi 6= mj .

5.1.2 Interface Definitions

Definition 5.1 (at-top). We define at-top(X,T ) as X ∩ ftv(T ) = ∅ or T ∈ X.

For each interface

interface I 〈X〉 [Y whereR] where P {m : staticmsig rcsig }

the following well-formedness criteria must hold:

Wf-Iface-1 The method names m are pairwise disjoint.

Wf-Iface-2 In all constraints G implementsK ∈ R, the implementing types Y do not occur in
K; that is, Y ∩ ftv(K) = ∅.

Wf-Iface-3 In all constraints G implementsK ∈ R, the types G are pairwise distinct type
variables from Y ; that is, G ⊆ Y and Gi 6= Gj for i 6= j.

Wf-Iface-4 In all method signatures 〈Z〉T x → U where Q ∈ rcsig , the implementing types Y
may occur only at the top level of T and U , and they do not appear in Q; that is, at-top(Y , Ti)
for all i, at-top(Y ,U), and ftv(Q) ∩ Y = ∅.

5.1.3 Implementation Definitions

Definition 5.2 (Dispatch types and positions). A dispatch type of interface I is an implementing
type that appears in every non-static method signature of I and all its superinterfaces at the top
level of some argument type. The set of dispatch positions of I, written disp(I), contains the
indices of those implementing types that are dispatch types. See Fig. 20 for a definition of disp.

For each implementation

implementation〈X〉 I 〈V 〉 [N ] where P . . .

the following well-formedness criteria must hold:

disp-iface

interface I 〈X〉 [Y n
whereR

m
] where P { . . . rcsign }

(∀i ∈ [n], i 6= j) Yj ∈ disp(rcsig i) (∀i ∈ [m]) Yj ∈ disp(Ri)
j ∈ disp(I)

disp-rcsig
(∀i) Y ∈ disp(msig i)

Y ∈ disp(receiver {msig})
disp-msig

Y /∈ X Y ∈ T

Y ∈ disp(〈X〉T x → T where P )

disp-constr
(∀i) if Gi = Y then i ∈ disp(I)
Y ∈ disp(G implements I 〈V 〉)

Figure 20: Dispatch types and positions.
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Wf-Impl-1 The dispatch types among N fully determine the type variables X; that is X ⊆
ftv({Ni | i ∈ disp(I)}).

Wf-Impl-2 There exist suitable implementations for all superinterfaces of I. Suppose T implements J 〈U〉 ∈
sup(N implements I 〈V 〉). Then there exists a definition implementation〈Y 〉 J 〈U ′〉 [M ] where Q . . .
and a substitution σ = [W/Y ] such that

1. P q̀ T ≤ σM and Ti = σMi for those i with i /∈ pos−(J),

2. U = σU ′, and

3. P q σQ.

5.1.4 Programs

Definition 5.3 (Greatest lower bound). The greatest lower bound of G1 and G2 with respect to
∆, written ∆ ` G1 uG2, is defined as follows:

glb-left
∆ ` G1 ≤ G2

∆ ` G1 uG2 = G1

glb-right
∆ ` G2 ≤ G1

∆ ` G1 uG2 = G2

The notation ∆ ` G uG′ = H abbreviates (∀i) ∆ ` Gi uG′
i = Hi.

The CoreGI program under consideration must fulfill the following well-formedness criteria:

Wf-Prog-1 Names of non-static interface methods are globally unique.

Wf-Prog-2 A program does not contain two implementations for different instantiations of the
same interface or for different non-dispatch types. That is, for each pair of implementation
definitions

implementation〈X〉 I 〈T 〉 [M ] where P . . . implementation〈Y 〉 I 〈U〉 [N ] where Q . . .

and for all substitutions [V/X] and [W/Y ] such that ∅ ` [V/X]Mi u [W/Y ]Ni exists for
all i ∈ disp(I), it holds that [V/X]T = [W/Y ]U and that [V/X]Mj = [W/Y ]Nj for all
j /∈ disp(I).

Wf-Prog-3 Implementation definitions are downward closed. That is, for each pair of imple-
mentation definitions

implementation〈X〉 I 〈T 〉 [N ] where P . . .
implementation〈X ′〉 I 〈T ′〉 [N ′ ] where P ′ . . .

and for all substitutions [V/X] and [V ′/X ′] with ∅ ` [V/X]N u [V ′/X ′]N ′ = M there exists
an implementation definition

implementation〈Y 〉 I 〈U〉 [M ′ ] where Q . . .

and a substitution [W/Y ] such that M = [W/Y ]M ′.

Wf-Prog-4 Constraints on implementation definitions are consistent with constraints on imple-
mentation definitions for subclasses. That is, for each pair of implementation definitions

implementation〈X〉 I 〈T 〉 [M ] where P . . . implementation〈Y 〉 I 〈U〉 [N ] where Q . . .

and for all substitutions [V/X] and [W/Y ] with [V/X]M Ec [W/Y ]N and ∅  [W/Y ]Q, it
holds that ∅  [V/X]P .
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5.2 Well-formedness Criteria for Determinacy of Evaluation

5.2.1 Programs

The CoreGI program under consideration must fulfill the following well-formedness criteria:

Wf-Prog-5 The class and interface graphs of the program are acyclic. (Each class definition
class C 〈X〉 extends D〈T 〉 . . . contributes an edge C → D to the class graph, and each in-
terface definition interface I 〈X〉 [Y whereP ] . . . and each constraint G implements J 〈V 〉 ∈
P contributes an edge I → J to the interface graph.)

Wf-Prog-6 A program does not contain two different implementations for the same interface
with unifiable implementation types. That is, for each pair of disjoint implementation defi-
nitions

implementation〈X〉 I 〈T 〉 [M ] where P . . . implementation〈Y 〉 I 〈U〉 [N ] where Q . . .

it holds that, for all substitutions [V/X] and [W/Y ], [V/X]M 6= [W/Y ]N .

5.3 Well-formedness Criteria for Termination of Entailment and Sub-
typing Algorithms

5.3.1 Implementation Definitions

For each implementation

implementation〈X〉 I 〈V 〉 [N ] where P . . .

the following well-formedness criteria must hold:

Wf-Impl-3 In all constraints G implementsK ∈ P , the types G are type variables from X; that
is, G ⊆ X.

5.3.2 Type Environments

Definition 5.4 (Contractive type environments). A type environment ∆ is contractive if there
exist no type variables X1, . . . , Xn such that X1 = Xn and Xi extendsXi+1 ∈ ∆ for each i ∈
{1, . . . , n− 1}.

Definition 5.5 (Closure of types). The closure of a set of types T with respect to a type envi-
ronment ∆, written cls∆(T ), is defined as the least set closed under the following rules:

cls-id
T ∈ T

T ∈ cls∆(T )

cls-up
T ∈ cls∆(T ) ∆ à

′ T ≤ N

N ∈ cls∆(T )
cls-decomp
B〈T 〉 ∈ cls∆(T ) (where B = C or B = I)

Ti ∈ cls∆(T )

Each type environment ∆ must fulfill the following well-formedness criteria:

Wf-Tenv-1 The type environment ∆ is finite.

Wf-Tenv-2 The type environment ∆ is contractive.

Wf-Tenv-3 If T is a finite set of types, then the closure of T with respect to ∆ is finite.
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5.4 Well-formedness Criteria for Decidable Expression Typing

5.4.1 Programs

The CoreGI program under consideration must fulfill the following well-formedness criteria:

Wf-Prog-7 Multiple instantiation inheritance for interfaces is not allowed. That is, if K Ei I 〈T 〉
and K Ei I 〈U〉 then T = U .

Wf-Prog-8 Multiple inheritance for single-headed interfaces that are neither positive nor nega-
tive is not allowed. That is, if 1 /∈ pos+(I), 1 /∈ pos−(I), I 〈T 〉 Ei K1, and I 〈T 〉 Ei K2, then
either K1 Ei K2 or K2 Ei K1.

5.4.2 Type Environments

Each type environment ∆ must fulfill the following well-formedness criteria:

Wf-Tenv-4 A type variable does not have several unrelated G-types among its bounds. That is,
if X extendsG1 ∈ ∆ and X extendsG2 ∈ ∆ then ∆ ` G1 ≤ G2 or ∆ ` G2 ≤ G1.

Wf-Tenv-5 A type variable is not a subtype of different instantiations of the same interface.
That is, if ∆ à

′ X ≤ I 〈T 〉 and ∆ à
′ X ≤ I 〈U〉 then T = U .

Wf-Tenv-6 A type variable has only negative interfaces among its bounds. That is, if X extends I 〈T 〉 ∈
∆ then 1 ∈ pos−(I).

Wf-Tenv-7 The type environment ∆ does not contain two implementations for different instan-
tiations of the same interface or for different non-dispatch types. That is:

1. For each pair of constraints

G implements I 〈T 〉 ∈ sup(∆)
H implements I 〈W 〉 ∈ sup(∆)

such that ∆ ` Gi uHi exists for all i ∈ disp(I), it holds that T = W and Gj = Hj for
all j /∈ disp(I) ∪ pos−(I).

2. For each constraint and each implementation definition

G implements I 〈T 〉 ∈ sup(∆)
implementation〈X〉 I 〈W 〉 [N ] where P . . .

such that ∆ ` Gi u [U/X]Ni exists for all i ∈ disp(I) and some U , it holds that
T = [U/X]W and Gj = [U/X]Nj for all j /∈ disp(I) ∪ pos−(I).

6 Equivalence of Declarative and Quasi-algorithmic Ver-
sions of Entailment and Subtyping

We make the global assumption that the underlying program prog is well-formed, that is ` prog ok.
Especially, this implies that class, interface, and implementation definitions of the underlying
program are closed. Moreover, we assume that types and constraints are only formed from classes
and interfaces defined in the underlying program.

Definition 6.1 (E ∈ sup(E)). We generalize the definition of sup to extends-constraints:

T extendsU ∈ sup(T extendsU)
` K Ei L

T extendsL ∈ sup(T extendsK)

Lemma 6.2 (Class and interface inheritance is transitive). If N1 Ec N2 and N2 Ec N3 then
N1 Ec N3. If K1 Ei K2 and K2 Ei K3 then K1 Ei K3.
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Proof. By straightforward inductions on the derivations of N1 Ec N2 and K1 Ei K2, respec-
tively.

Lemma 6.3. If N Ec N ′ and N ′ 6= Object then N 6= Object.

Proof. Follows because programs do not define Object explicitly.

Lemma 6.4 (Kernel of quasi-algorithmic subtyping is reflexive). ∆ q̀
′ T ≤ T is derivable for all

types T .

Proof. If T is a type variable or an interface type, the claim follows with sub-q-alg-var and
sub-q-alg-iface, respectively. If T is a class type, then the claim follows with sub-q-alg-class,
unless T = Object, then it follows with sub-q-alg-obj.

Lemma 6.5 (Kernel of quasi-algorithmic subtyping is transitive). If D1 :: ∆ q̀
′ T ≤ U and

D2 :: ∆ q̀
′ U ≤ V then ∆ q̀

′ T ≤ V .

Proof. By induction on D1.
Case distinction on the last rule used in D1.

• Case sub-q-alg-obj: Then D2 also ends with sub-q-alg-obj (rule sub-q-alg-class is impos-
sible because of Lemma 6.3). Hence, V = Object and the claim follows with sub-q-alg-obj.

• Case sub-q-alg-var-refl: Trivial because T = U .

• Case sub-q-alg-var: By inverting the rule we get T = X, X extendsT ′ ∈ ∆, and ∆ q̀
′

T ′ ≤ U . If V = X or V = Object, then the claim follows directly. Otherwise, we apply the
I.H. to ∆ q̀

′ T ′ ≤ U and get ∆ q̀
′ T ′ ≤ V . The claim now follows with sub-q-alg-var.

• Case sub-q-alg-class: If V = Object, then the claim follows with sub-q-alg-obj, otherwise
by applying Lemma 6.2.

• Case sub-q-alg-iface: Follows from Lemma 6.2.

End case distinction on the last rule used in D1.

Lemma 6.6. If ∆ q
′ K implementsL then K Ei L.

Proof. Assume K = I 〈V 〉. Then we have

1 ∈ pos+(I) I 〈V 〉 Ei L

∆ q
′ I 〈V 〉 implementsL

ent-q-alg-iface

so I 〈V 〉 Ei L as required.

Definition 6.7 (∈+ and ∈∗).
∈+-direct
X extendsT ∈ ∆
X extendsT ∈+ ∆

∈+-step
X extendsY ∈ ∆ Y extendsT ∈+ ∆

X extendsT ∈+ ∆

∈∗-id
X extendsX ∈∗ ∆

∈∗-plus
X extendsT ∈+ ∆
X extendsT ∈∗ ∆

Lemma 6.8 (Transitivity of ∈+ and ∈∗).
(i) If X extendsY ∈+ ∆ and Y extendsT ∈+ ∆ then X extendsT ∈+ ∆.

(ii) If X extendsY ∈∗ ∆ and Y extendsT ∈∗ ∆ then X extendsT ∈∗ ∆.
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Proof. Claim (i) is proved by induction on the derivation of X extendsY ∈+ ∆. Claim (ii)
follows by claim (i) and a case distinction on the last rule used in the derivation of X extendsY ∈∗
∆.

Lemma 6.9 (∈+ and ∈∗ imply subtyping). If X extendsT ∈+ ∆ or X extendsT ∈∗ ∆ then
∆ q̀

′ X ≤ T .

Proof. If X extendsT ∈+ ∆ then the claim follows by a straightforward induction on the
derivation given. The other case is now trivial. Note that we use Lemma 6.4.

Definition 6.10 (B and B Eci B). We let B range over both class types (N) and interface types
(K). When we write B Eci B′, then either B = N , B′ = N ′, and N Ec N ′, or B = K, B′ = K ′,
and K Ei K ′.

Lemma 6.11 (Inversion of kernel of quasi-algorithmic subtyping). Suppose ∆ q̀
′ T ≤ U .

(i) If T = X for some X then either U = Y for some Y and X extendsY ∈∗ ∆, or U = Object,
or U = B for some B 6= Object and X extendsB′ ∈+ ∆ for some B′ with B′ Eci B.

(ii) If U = Y for some Y then T = X for some X and X extendsY ∈∗ ∆.

(iii) If T = N for some N then U = N ′ for some N ′ with N Ec N ′.

(iv) If T = K for some K then either U = K ′ for some K ′ with K Ei K ′ or U = Object.

Proof. Propositions (3) and (4) follow by inspecting the rules defining the relation · q̀
′ · ≤ ·.

Proposition (2) follows by inspecting the rules defining the relation · q̀
′ · ≤ · and by proposition

(1).
We now prove proposition (1) by induction on the derivation of ∆ q̀

′ T ≤ U . Thereby, we
assume that U 6= Object as the claim holds trivially in this case. Because T = X, the derivation
either ends with sub-q-alg-var-refl or sub-q-alg-var. The first case is trivial. For the second
case we have

X extendsU ′ ∈ ∆ U 6= Object, U 6= X ∆ q̀
′ U ′ ≤ U

∆ q̀
′ X ≤ U

sub-q-alg-var

Case distinction on the form of U ′.

• Case U ′ = Z for some Z: Applying the I.H. to ∆ q̀
′ U ′ ≤ U yields that either U = Y for

some Y and Z extendsY ∈∗ ∆, or that U = B for some B and Z extendsB′ ∈+ ∆ for
some B′ with B′ Eci B. It is easy to verify that proposition (1) follows from these facts.

• Case U ′ = B′ for some B′: Using propositions (3) and (4) we get that U = B for some
B 6= Object with B′ Eci B. The claim now follows trivially.

End case distinction on the form of U ′.

Lemma 6.12. If ∆ q̀
′ T ≤ U and ∆ q̀ U ≤ V , then ∆ q̀ T ≤ V .

Proof. If the derivation of ∆ q̀ U ≤ V ends with sub-q-alg-kernel, then ∆ q̀
′ U ≤ V so the

claim follows by Lemma 6.5. Otherwise, we have V = K and

∆ q̀
′ U ≤ U ′ ∆ q

′ U ′ implementsK

∆ q̀ U ≤ K
sub-q-alg-impl

With Lemma 6.5 we have ∆ q̀
′ T ≤ U ′, so the claim follows with sub-q-alg-impl.

Lemma 6.13 (Type substitution preserves inheritance). If ` B Eci B′ then ` σB Eci σB′.
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Proof. We show the claim for B = K and B′ = K ′ by induction on the derivation of K Ei K ′;
the proof for B = N and B′ = N ′ is similar.
Case distinction on the last rule used in K Ei K ′.

• Case ext-i-refl: Trivial because K = K ′.

• Case ext-i-super: Then K = I 〈T 〉 and

interface I 〈X〉 [Y whereR] . . . Ri = G implementsL [T/X]L Ei K ′

I 〈T 〉 Ei K ′

Applying the I.H. to [T/X]L Ei K ′ yields σ[T/X]L Ei σK ′. Because the definition of I
does not contain free type variables, we have σ[T/X]L = [σT/X]L. Hence, σK Ei σK ′ by
ext-i-super.

End case distinction on the last rule used in K Ei K ′.

Lemma 6.14 (sup is transitive). If R3 ∈ sup(R2) and R2 ∈ sup(R1) then R3 ∈ sup(R1).

Proof. The proof is by induction on the height of the derivation of R3 ∈ sup(R2). The case
where this derivation ends with rule sup-id is trivial. Now assume that the derivation ends with
rule sup-step:

interface I 〈X〉 [Y whereR] . . . U implements I 〈V 〉 ∈ sup(R2)

[V/X, U/Y ]Rk︸ ︷︷ ︸
=R3

∈ sup(R2)

Applying the I.H. to U implements I 〈V 〉 ∈ sup(R2) yields U implements I 〈V 〉 ∈ sup(R1). Apply-
ing rule sup-step then gives us R3 ∈ sup(R1).

Lemma 6.15 (Type substitution preserves sup). If R ∈ sup(S) then σR ∈ sup(σS).

Proof. The proof is by induction on the derivation of R ∈ sup(S). The claim holds trivially if
this derivation ends with rule sup-id. Now suppose the last rule is sup-step:

interface I 〈X〉 [Y whereR] . . . U implements I 〈V 〉 ∈ sup(S)

[V/X, U/Y ]Rk︸ ︷︷ ︸
=R

∈ sup(S)

By the I.H. we have σ(U implements I 〈V 〉) ∈ sup(σS). Thus, by rule sup-step we get [σV/X, σU/Y ]Rk ∈
sup(σS). The definition of I does not contain free type variables, so ftv(Rk) ⊆ {X,Y }. Hence
[σV/X, σU/Y ]Rk = σ([V/X, U/Y ]Rk) = σR.

Lemma 6.16. If ∆ q̀ T ≤ U and U 6= K for any K then ∆ q̀
′ T ≤ U .

Proof. Obvious.

Lemma 6.17. Suppose ∆ q P for all P ∈ sup(σ∆′).

(i) If X extendsY ∈∗ ∆′ then either ∆ q̀
′ σX ≤ σY or σY = K for some K such that

∆ q̀ σX ≤ K ′ for all K ′ with K Ei K ′.

(ii) If X extendsB ∈+ ∆′ then either ∆ q̀
′ σX ≤ σB or σB = K for some K such that

∆ q̀ σX ≤ K ′ for all K ′ with K Ei K ′.

Proof. We first prove proposition (1) by induction on the derivation of X extendsY ∈∗ ∆′.
Then we prove proposition (2) by induction on the derivation of X extendsB ∈+ ∆′.
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Proof of proposition (1) If X = Y then the claim follows with Lemma 6.4. Otherwise, we
have

X extendsY ′ ∈ ∆′ Y ′ extendsY ∈∗ ∆′

X extendsY ∈∗ ∆′

By the assumption we have

∆ q̀ σX ≤ σY ′ (1) {eq:subst-x-st-subst-yp::lemma:in-tenv-closed-subst}

and, if σY ′ = L for some L, then

∆ q̀ σX ≤ L′ for all L′ with L Ei L′ (2) {eq:subst-x-st-lp::lemma:in-tenv-closed-subst}

Applying the I.H. to Y ′ extendsY ∈∗ ∆′ yields either

∆ q̀
′ σY ′ ≤ σY (3) {eq:subst-yp-st-subst-y::lemma:in-tenv-closed-subst}

or σY = K for some K and

∆ q̀ σY ′ ≤ K ′ for all K ′ with K Ei K ′ (4) {eq:subst-yp-st-kp::lemma:in-tenv-closed-subst}

Case distinction on the form of σY ′ and on whether (3) or (4) holds.

• Case σY ′ 6= L for any L and (3) holds: By Lemma 6.16 and (1) we get

∆ q̀
′ σX ≤ σY ′

With (3) and Lemma 6.5 we get ∆ q̀
′ σX ≤ σY as required.

• Case σY ′ 6= L for any L and (4) holds: As in the preceding case, we have ∆ q̀
′ σX ≤ σY ′.

Using (4) and Lemma 6.12 we get

∆ q̀ σX ≤ K ′ for all K ′ with K Ei K ′

as required.

• Case σY ′ = L for some L and (3) holds: With (3) and Lemma 6.11 we get either that σY =
Object or that σY = K for some K with L Ei K. If σY = Object then ∆ q̀

′ σX ≤ σY by
sub-q-alg-obj. Now assume σY = K. With (2) and L Ei K we get ∆ q̀ σX ≤ K ′ for all
K ′ with K Ei K ′.

• Case σY ′ = L for some L and (4) holds: Suppose K Ei K ′ for some K ′.

– If the derivation of ∆ q̀ σY ′ ≤ K ′ in (4) ends with sub-q-alg-kernel, then we have
∆ q̀

′ σY ′ ≤ K ′. Hence, by Lemma 6.11: L Ei K ′. Using (2) we get ∆ q̀ σX ≤ K ′.

– If the derivation of ∆ q̀ σY ′ ≤ K ′ in (4) ends with sub-q-alg-impl, we have

∆ q̀
′ σY ′ ≤ T ∆ q

′ T implementsK ′

∆ q̀ σY ′ ≤ K ′

With Lemma 6.11 we need to consider two cases for the form of T :

∗ T = Object. Then we have ∆ q̀
′ σX ≤ T , so ∆ q̀ σX ≤ K ′.

∗ T = L′ and L Ei L′. With Lemma 6.6 we get L′ Ei K ′. Thus, L Ei K ′. Equation
(2) then gives us ∆ q̀ σX ≤ K ′.

We now have ∆ q̀ σX ≤ K ′ for all K ′ with K Ei K ′ as required.

End case distinction on the form of σY ′ and on whether (3) or (4) holds.
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Proof of proposition (2) We have

X extendsY ∈∗ ∆′ Y extendsB ∈ ∆′

X extendsB ∈+ ∆′

By proposition (1) we have that either

∆ q̀
′ σX ≤ σY (5) {eq:pos1::lemma:in-tenv-closed-subst}

or that

σY = L for some L and ∆ q̀ σX ≤ L′ for all L′ with L Ei L′ (6) {eq:pos2::lemma:in-tenv-closed-subst}

We have by the assumption

∆ q̀ σY ≤ σB (7) {eq:ass1::lemma:in-tenv-closed-subst}

and, if σB = K for some K then

∆ q̀ σY ≤ K ′ for all K ′ with K Ei K ′ (8) {eq:ass2::lemma:in-tenv-closed-subst}

Case distinction on the form of σB and on whether (5) or (6) holds.

• Case σB = N for some N and (5) holds: Then by (7) and Lemma 6.16: ∆ q̀
′ σY ≤ σB.

With (5) and Lemma 6.5: ∆ q̀
′ σX ≤ σB as required.

• Case σB = K for some K and (5) holds: Assume K ′ such that K Ei K ′.

– If the derivation of ∆ q̀ σY ≤ K ′ in (8) ends with sub-q-alg-kernel, then ∆ q̀
′ σY ≤

K ′, so ∆ q̀
′ σX ≤ K ′ by (5) and Lemma 6.5. Hence, ∆ q̀ σX ≤ K ′

– If the derivation of ∆ q̀ σY ≤ K ′ in (8) ends with sub-q-alg-impl, then we have

∆ q̀
′ σY ≤ T ∆ q

′ T implementsK ′

∆ q̀ σY ≤ K ′

By (5) and Lemma 6.5 we then have ∆ q̀
′ σX ≤ T , thus ∆ q̀ σX ≤ K ′.

We now have ∆ q̀ σX ≤ K ′ for all K ′ with K Ei K ′ as required.

• Case σB = N for some N and (6) holds: Then by (7) and Lemma 6.16: ∆ q̀
′ σY ≤ σB.

With (6) we know that σY = L for some L. Hence, by Lemma 6.11: σB = Object. We
then have ∆ q̀

′ σX ≤ σB by sub-q-alg-obj.

• Case σB = K for some K and (6) holds: By (6) we have σY = L for some L. Assume K ′

such that K Ei K ′.

– If the derivation of ∆ q̀ σY ≤ K ′ in (8) ends with sub-q-alg-kernel, then ∆ q̀
′ σY ≤

K ′. Hence, L Ei K ′ by Lemma 6.11. Using (6) we then have ∆ q̀ σX ≤ K ′.

– If the derivation of ∆ q̀ σY ≤ K ′ in (8) ends with sub-q-alg-impl, then we have

∆ q̀
′ σY ≤ T ∆ q

′ T implementsK ′

∆ q̀ σY ≤ K ′

With Lemma 6.11 we need to consider two cases for the form of T :

∗ T = Object. Then we have ∆ q̀
′ σX ≤ T , so ∆ q̀ σX ≤ K ′.

∗ T = L′ and L Ei L′. With Lemma 6.6 we get L′ Ei K ′. Thus, L Ei K ′. Equation
(6) then gives us ∆ q̀ σX ≤ K ′.
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We now have ∆ q̀ σX ≤ K ′ for all K ′ with K Ei K ′ as required.

End case distinction on the form of σB and on whether (5) or (6) holds.

Lemma 6.18. Suppose V implements J 〈W 〉 ∈ sup(T implements I 〈U〉) and ∆ q̀
′ Ti ≤ T ′

i with
Ti = T ′

i unless i ∈ pos−(I) for all i. Then there exist V ′ such that V ′ implements J 〈W 〉 ∈
sup(T ′ implements I 〈U〉) and ∆ q̀

′ Vi ≤ V ′
i with Vi = V ′

i unless i ∈ pos−(J) for all i.

Proof. By induction on the derivation of V implements J 〈W 〉 ∈ sup(T implements I 〈U〉). If
the last rule of this derivation is sup-id, then choose V ′ = T ′ and the claim holds trivially. Now
suppose the last rule of the derivation is sup-step:

interface I ′〈X〉 [Y n
whereR] . . . T ′′n implements I ′〈U ′〉 ∈ sup(T implements I 〈U〉)

[U ′/X, T ′′/Y ]Rk ∈ sup(T implementsU)

with

[U ′/X, T ′′/Y ]Rk = V implements J 〈W 〉
Rk = G

m
implements J 〈W ′〉 (9) {eq:def-rk::lemma:transitivity-inplus-instar}

Applying the I.H. to T ′′n implements I ′〈U ′〉 ∈ sup(T implements I 〈U〉) yields the existence of
T ′′′n such that

T ′′′ implements I ′〈U ′〉 ∈ sup(T ′ implements I 〈U〉)
(∀j ∈ [n]) ∆ q̀

′ T ′′
j ≤ T ′′′

j

(∀j ∈ [n]) T ′′
j = T ′′′

j or j ∈ pos−(I ′)

We then have by sup-step

[U ′/X, T ′′′/Y ]Rk ∈ sup(T ′ implements I 〈U〉) (10) {eq:rk-in-sup::lemma:transitivity-inplus-instar}

Suppose j ∈ [n] such that T ′′′
j 6= T ′′

j . Then we have j ∈ pos−(I ′). By examining the definition of
pos−, we get Yj ∈ pos−(Rk). The definition of pos− now gives us

Yj /∈ ftv(W ′) (11) {eq:yj-notin-mwp::lemma:transitivity-inplus-instar}

(∀i ∈ [m]) (Yj = Gi and i ∈ pos−(J)) or Yj /∈ ftv(Gi) (12) {eq:yj-gi::lemma:transitivity-inplus-instar}

Thus, we have with (11) that

[U ′/X, T ′′′/Y ]W ′ = [U ′/X, T ′′/Y ]W ′ = W (13) {eq:eq-w::lemma:transitivity-inplus-instar}

Now define

V ′m = [U ′/X, T ′′′/Y ]G

Then we have with (9), (10), and (13) that

V ′ implements J 〈W 〉 ∈ sup(T ′ implements I 〈U〉)

Suppose i ∈ [m] and Vi 6= V ′
i . Then there exists j ∈ [n] such that Yj ∈ ftv(Gi) and T ′′′

j 6= T ′′
j . By

(12) we then have Yj = Gi and i ∈ pos−(J). Hence, Vi = T ′′
j and V ′

i = T ′′′
j , so ∆ q̀

′ Vi ≤ V ′
i .

Lemma 6.19. If ∆ q
′ R then ∆ q R.

Proof. Obvious with rule ent-q-alg-up.
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Lemma 6.20. Suppose J is a single-headed interface such that 1 ∈ posπ(J). If now J 〈T 〉 Ei I 〈U〉
then also 1 ∈ posπ(I).

Proof. Induction on the derivation of J 〈T 〉 Ei I 〈U〉. If the derivation ends with ext-i-refl,
then J 〈T 〉 = I 〈U〉 and the claim holds trivially. Otherwise, assume

interface J 〈X〉 [Y whereR] . . .

Ri = G
n
implements J ′〈V 〉 [T/X]J ′〈V 〉 Ei I 〈U〉

J 〈T 〉 Ei I 〈U〉
ext-i-super

By criterion Wf-Iface-3 we have n = 1 and G1 = Y . With 1 ∈ posπ(J) we have Y ∈ posπ(Ri)
by pos-iface, so 1 ∈ posπ(J ′) by pos-constr. We can now apply the I.H. to [T/X]J ′〈V 〉 Ei I 〈U〉
and get 1 ∈ posπ(I) as required.

Lemma 6.21. If D :: ∆ q
′ T

n
implements I 〈U〉 and there exists i ∈ [n] such that Ti = K for

some K, then n = 1 and 1 ∈ pos+(I).

Proof. Case distinction on the last rule used in D.

• Case ent-q-alg-env: Then T
n
implements I 〈U〉 = R for some R, which is impossible if

there exists i ∈ [n] such that Ti = K for some K.

• Case ent-q-alg-impl: We then have T = N for some N . Hence, this case is also impossible.

• Case ent-q-alg-iface: We then have n = 1, T1 = J 〈V 〉 for some J 〈V 〉, 1 ∈ pos+(J), and
J 〈V 〉 Ei I 〈U〉. By Lemma 6.20 also 1 ∈ pos+(I).

End case distinction on the last rule used in D.

Lemma 6.22 (Type substitution preserves quasi-algorithmic subtyping and entailment). Suppose
∆ q P for all P ∈ sup(σ∆′).

(i) If D1 ::∆′
q̀
′ T ≤ U then either ∆ q̀

′ σT ≤ σU or σU = K for some K and ∆ q̀ σT ≤ K ′

for all K ′ with K Ei K ′.

(ii) If D2 :: ∆′
q̀ T ≤ U then ∆ q̀ σT ≤ σU .

(iii) If D2 :: ∆′ q
′ R then ∆ q σR.

(iv) If D4 :: ∆′ q Q then ∆ q σQ.

Proof. We proceed by induction on the combined height of D1,D2,D3, and D4.

(i) Case distinction on the last rule used in D1.

• Case sub-q-alg-obj: Trivial.

• Case sub-q-alg-var-refl: Follows with Lemma 6.4.

• Case sub-q-alg-var: We have T = X. Thus, by Lemma 6.11, we can distinguish three
different cases:

– U = Y for some Y and X extendsY ∈∗ ∆′. Then the claim follows with Lemma 6.17.
– U = Object. In this case, ∆ q̀

′ σT ≤ σU holds by sub-q-alg-obj.
– U = B for some B 6= Object and X extendsB′ ∈+ ∆′ for some B′ with B′ Eci B.

Then σB′ Ei σB by Lemma 6.13. By Lemma 6.17, we either have ∆ q̀
′ σX ≤ σB′

or σB′ = L for some L and ∆ q̀ σX ≤ L′ for all L′ with L Ei L′.
∗ For the first case, we note that σB′ Ei σB implies ∆ q̀

′ σB′ ≤ σB. The claim
now follows with Lemma 6.5.
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∗ For the second case, we have with σB′ = L for some L that σB = K for some
K such that L Ei K. If now K Ei K ′ then L Ei K ′ (by Lemma 6.2), so
∆ q̀ σX ≤ K ′ as required.

• Case sub-q-alg-class: Follows with Lemma 6.13.

• Case sub-q-alg-iface: Follows with Lemma 6.13.

End case distinction on the last rule used in D1.

(ii) Case distinction on the last rule used in D2.

• Case sub-q-alg-kernel: We have

∆′
q̀
′ T ≤ U

∆′
q̀ T ≤ U

By part (i) of the I.H., we have either ∆ q̀
′ σT ≤ σU (which implies ∆ q̀ σT ≤ σU)

or ∆ q̀ σT ≤ σU , so the claim holds.

• Case sub-q-alg-impl: We have U = I 〈W 〉 for some I 〈W 〉 and

∆′
q̀
′ T ≤ V ∆′ q

′ V implements I 〈W 〉
∆′

q̀ T ≤ I 〈W 〉

Applying parts (i) and (iii) of the I.H. yields

∆ q̀
′ σV ≤ V ′ if σV 6= V ′ then 1 ∈ pos−(I) ∆ q

′ V ′ implementsσI 〈W 〉
∆ q σV implementsσI 〈W 〉

ent-q-alg-up
(14) {eq:subst-v-impl::lemma:subst-preserves-alg-entailment-subtyping}

and either

∆ q̀
′ σT ≤ σV (15) {eq:pos1::lemma:subst-preserves-alg-entailment-subtyping}

or

σV = L for some L and ∆ q̀ σT ≤ L′ for all L′ with L Ei L′ (16) {eq:pos2::lemma:subst-preserves-alg-entailment-subtyping}

– Suppose (15). Then we have by the first premise in (14), by (15), and by Lemma 6.12
that ∆ q̀

′ σT ≤ V ′. With the last premise in (14) and with rule sub-q-alg-impl,
we then get ∆ q̀ σT ≤ σI 〈W 〉 as required.

– Suppose (16). Then we have by the first premise in (14), by the fact that σV = L,
and by Lemma 6.11 that either V ′ = Object or that V ′ = L′ for some L′ with
L Ei L′.
∗ If V ′ = Object then ∆ q̀

′ σT ≤ V ′, so the claim follows with the last premise
in (14) and with rule sub-q-alg-impl.

∗ Otherwise, V ′ = L′ and L Ei L′. From the last premise in (14), we have
∆ q̀

′ L′ implementsσI 〈W 〉, so with Lemma 6.6 we get L′ Ei σI 〈W 〉. Hence,
L Ei σI 〈W 〉 by Lemma 6.2. By (16) we then have ∆ q̀ σT ≤ σI 〈W 〉 as
required (note that σI 〈W 〉 = σU).

End case distinction on the last rule used in D2.

(iii) Case distinction on the last rule used in D3.

• Case ent-q-alg-env: We have S ∈ ∆′ and R ∈ sup(S) such that R = R. With
Lemma 6.15 we get σR ∈ sup(σS). Clearly, σS ∈ σ∆′, so the assumption gives us
∆ q σR as required.
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• Case ent-q-alg-impl: We have

implementation〈X〉 I 〈T 〉 [N ] where P . . . ∆′ q [V/X]P

∆′ q
′ [V/X](N implements I 〈T 〉)︸ ︷︷ ︸

=R

Applying part (iv) of the I.H. yields

∆ q σ[V/X]P

Because implementation definitions do not contain free type variables, we have

σ[V/X]P = [σV/X]P

σ[V/X](N implements I 〈T 〉) = [σV/X](N implements I 〈T 〉)

By ent-q-alg-impl we then have ∆ q
′ σ[V/X](N implements I 〈T 〉), thus ∆ q σR by

Lemma 6.19.
• Case ent-q-alg-iface: We have

1 ∈ pos+(I) I 〈V 〉 Ei K

∆′ q
′ I 〈V 〉 implementsK︸ ︷︷ ︸

=R

By Lemma 6.13, we have σI 〈V 〉 Ei σK. Thus, with ent-q-alg-iface, we get ∆ q
′ σR,

so ∆ q σR by Lemma 6.19.

End case distinction on the last rule used in D3.

(iv) Case distinction on the last rule used in D4.

• Case ent-q-alg-extends: Follows from part (ii) of the I.H.
• Case ent-q-alg-up: We have

(∀i) ∆′
q̀
′ Ti ≤ Ui if Ti 6= Ui then i ∈ pos−(I) ∆′ q

′ U implements I 〈V 〉
∆′ q T

n
implements I 〈V 〉︸ ︷︷ ︸

=Q (17) {eq:ass::lemma:subst-preserves-alg-entailment-subtyping}

We get by part (iii) of the I.H.:

(∀i) ∆ q̀
′ σUi ≤ U ′

i if σUi 6= U ′
i then i ∈ pos−(I)

∆ q
′ U ′ implements I 〈σV 〉

∆ q σU implements I 〈σV 〉
ent-q-alg-up

(18) {eq:subst-mu-ent::lemma:subst-preserves-alg-entailment-subtyping}

Suppose i ∈ [n]. If i ∈ pos−(I) does not hold, then we have Ti = Ui and σUi = U ′
i .

Hence,

σTi = U ′
i or i ∈ pos−(I) (19) {eq:ti-eq-uip::lemma:subst-preserves-alg-entailment-subtyping}

Moreover, by part (i) of the I.H. applied to the first premise in (17) we get that either

∆ q̀
′ σTi ≤ σUi (20) {eq:pos21::lemma:subst-preserves-alg-entailment-subtyping}

or

σUi = Ki for some Ki and ∆ q̀ σTi ≤ K ′
i for all K ′

i with Ki Ei K ′
i (21) {eq:pos22::lemma:subst-preserves-alg-entailment-subtyping}

We now partition [n] = M1 ∪̇M2 such that

M1 = {j ∈ [n] | Equation (20) holds for j}
M2 = {l ∈ [n] | Equation (21) holds for l}
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– If j ∈ M1, then we have with (20), the first premise in (18), and Lemma 6.5 that
∆ q̀

′ σTj ≤ U ′
j .

– If l ∈ M2, then σUl = Kl for some Kl. By Lemma 6.11 applied to the first premise
in (18), we then have that either U ′

l = K ′
l for some K ′

l or U ′
l = Object.

Now we further partition M2 into M21 ∪̇M22 such that

M21 = {l ∈ M2 | U ′
l = K ′

l for some K ′
l}

M22 = {l ∈ M2 | U ′
l = Object}

Case distinction on whether or not M21 = ∅.
– Case M21 = ∅: Then we have [n] = M1 ∪̇M22, so ∆ q̀

′ σTi ≤ U ′
i for all i ∈ [n].

Thus, with (19) and the last premise in (18) we can apply ent-q-alg-up and get
∆ q σT implements I 〈σV 〉 as required.

– Case M21 6= ∅: With Lemma 6.21 applied to the last premise in (18), we get that
n = 1 and that

1 ∈ pos+(I) (22) {eq:pos-plus::lemma:subst-preserves-alg-entailment-subtyping}

In the following, we may assume

1 ∈ pos−(I) (23) {eq:pos-minus::lemma:subst-preserves-alg-entailment-subtyping}

Otherwise, we have σT1 = U ′
1 with (19) and the claim then follows with the last

premise in (18) and ent-q-alg-up.
With n = 1 and M21 6= ∅, we have 1 ∈ M21. Hence, U ′

1 = K ′
1 for some K ′

1.
With the last premise in (18) and Lemma 6.6 we then have K ′

1 Ei I 〈σV 〉. Because
1 ∈ M21 ⊆ M2, we have we have σU1 = K1 for some K1. The first premise in
(18) and Lemma 6.11 then gives us K1 Ei K ′

1. With Lemma 6.2: K1 Ei I 〈σV 〉.
Equation (21) holds because 1 ∈ M2, so

∆ q̀ σT1 ≤ I 〈σV 〉 (24) {eq:subst-t1::lemma:subst-preserves-alg-entailment-subtyping}

Case distinction on the last rule used in the derivation of (24).
∗ Case sub-q-alg-kernel: Then ∆ q̀

′ σT1 ≤ I 〈σV 〉. With (22) and (23) we
then have

∆ q̀
′ σT1 ≤ I 〈σV 〉

1 ∈ pos−(I)
ent-q-alg-iface

1 ∈ pos+(I) I 〈σV 〉 Ei I 〈σV 〉
∆ q

′ I 〈σV 〉 implements I 〈σV 〉
∆ q σT1 implements I 〈σV 〉

ent-q-alg-up

∗ Case sub-q-alg-impl: We then have

∆ q̀
′ σT1 ≤ W ∆ q

′ W implements I 〈σV 〉
∆ q̀ σT1 ≤ I 〈σV 〉

With (23) we get

∆ q̀
′ σT1 ≤ W 1 ∈ pos−(I) ∆ q

′ W implements I 〈σV 〉
∆ q σT1 implements I 〈σV 〉

ent-q-alg-up

End case distinction on the last rule used in the derivation of (24).

End case distinction on whether or not M21 = ∅.
We thus showed ∆ q σQ.
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End case distinction on the last rule used in D4.

Lemma 6.23. If R ∈ sup(T implementsL) then R = T implementsL′ with L Ei L′.

Proof. We proceed by induction on the derivation of R ∈ sup(T implementsL).
Case distinction on the last rule of the derivation of R ∈ sup(T implementsL).

• Case rule sup-id: Obvious.

• Case rule sup-step: We have

interface I 〈X〉 [Y whereS] . . . U implements I 〈V 〉 ∈ sup(T implementsL)

[V/X, U/Y ]Sj ∈ sup(T implementsL)

with R = [V/X, U/Y ]Sj . Applying the I.H. yields

U implements I 〈V 〉 = T implements I 〈V 〉
L Ei I 〈V 〉

Hence,

Y = Y

By criterion Wf-Iface-2 and criterion Wf-Iface-3, we have

Sj = Y implementsK

Y /∈ ftv(K)

Hence,

[V/X, U/Y ]Sj = T implements [V/X]K

Moreover,

I 〈V 〉 Ei [V/X]K

Hence, with Lemma 6.2

L Ei [V/X]K

End case distinction on the last rule of the derivation of R ∈ sup(T implementsL).

Lemma 6.24. If S ∈ sup(R) then there exists a S with S = S.

Proof. By induction on the derivation of S ∈ sup(R). The case where the derivation ends with
rule sup-id is trivial because S = R. Now suppose that the derivation ends with an application of
rule sup-step:

interface I 〈X〉 [Y whereS] . . . U implements I 〈V 〉 ∈ sup(R)

[V/X, U/Y ]Sk︸ ︷︷ ︸
=S

∈ sup(R)

Suppose Sk = G implementsK. By using the I.H., we get that there exists H such that U = H.
From criterion Wf-Iface-3 we then know that {[V/X, U/Y ]G} ⊆ {H}. Thus, there exists S =
S.

Lemma 6.25. If R ∈ sup(σS) then there exists a R′ ∈ sup(S) with σR′ = R.
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Proof. By induction on the derivation of R ∈ sup(σS). The case where the derivation ends with
rule sup-id is trivial because R = σS. Now suppose that the derivation ends with an application
of rule sup-step:

interface I 〈X〉 [Y whereR] . . . U implements I 〈V 〉 ∈ sup(σS)

[V/X, U/Y ]Rk︸ ︷︷ ︸
=R

∈ sup(σS)

From the I.H. we get the existence of U ′ and V ′ such that U ′ implements I 〈V ′〉 ∈ sup(S) and
σU ′ = U , σV ′ = V . By rule sup-step we then have

[V ′/X,U ′/Y ]Qk ∈ sup(S)

Define R′ = [V ′/X,U ′/Y ]Rk. We then get

σR′ = σ[V ′/X,U ′/Y ]Rk
ftv(Rk)⊆{X,Y }

= [σV ′/X, σU ′/Y ]Rk = [V/X, U/Y ]Rk = R

as required.

Lemma 6.26. Suppose I is a single-headed interface. If I 〈T 〉 Ei K, then U implementsK ∈
sup(U implements I 〈T 〉) for any U .

Proof. By induction on the derivation of I 〈T 〉 Ei K. If the derivation ends with ext-i-refl,
then I 〈T 〉 = K and the claim follows trivially. Now suppose the derivation ends with ext-i-super:

interface I 〈X〉 [Y whereR] . . . Ri = G implementsL [T/X]L Ei K

I 〈T 〉 Ei K

By applying the I.H. to [T/X]L Ei K, we get

U implementsK ∈ sup(U implements [T/X]L) (25) {eq:1::lemma:extends-iface-sup}

for any type U .
By sup-id, we have U implements I 〈T 〉 ∈ sup(U implements I 〈T 〉). Thus, by sup-step also

[U/Y, T/X]Ri ∈ sup(U implements I 〈T 〉) With criterion Wf-Iface-3 we have G = Y and with
criterion Wf-Iface-2 Y /∈ ftv(L). Thus, [U/Y, T/X]Ri = U implements [T/X]L. Hence,

U implements [T/X]L ∈ sup(U implements I 〈T 〉) (26) {eq:2::lemma:extends-iface-sup}

With Lemma 6.14 we then get U implementsK ∈ sup(U implements I 〈T 〉) as required.

Lemma 6.27 (Inversion of quasi-algorithmic entailment). If ∆ q T
n
implements I 〈V 〉 then there

exist U
n

such that ∆ q
′ U implements I 〈V 〉, and for all i ∈ [n], ∆ q̀

′ Ti ≤ Ui and i ∈ pos−(I)
unless Ti = Ui.

Proof. The derivation of ∆ q T
n
implements I 〈V 〉 must end with rule ent-q-alg-up. The

claim now follows from the premises of this rule.

Lemma 6.28 (Entailment for super constraints).

(i) If D1 :: ∆ q P and Q ∈ sup(P), then ∆ q Q.

(ii) If D2 :: ∆ q
′ R and S ∈ sup(R), then ∆ q S.

(iii) If D3 :: ∆ q̀ T ≤ K and K Ei L, then ∆ q̀ T ≤ L.

Proof. We proceed by induction on the combined height of D1 and D2.
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(i) Case distinction on the last rule used in D1.

• Case ent-q-alg-extends: Then

∆ q̀ T ≤ U

∆ q T extendsU︸ ︷︷ ︸
=P

If U is not an interface type, the Q = P and the claim holds trivially. Otherwise U = K
for some K and Q = T extendsL for some L with K Ei L. By part (iii) of the I.H.,
we get ∆ q̀ T ≤ L. Hence, ∆ q Q by ent-q-alg-extends.

• Case ent-q-alg-up: Then we have

(∀i) ∆ q̀
′ Ti ≤ T ′

i if Ti 6= T ′
i then i ∈ pos−(I) ∆ q

′ T ′ implements I 〈U〉
∆ q T implements I 〈U〉︸ ︷︷ ︸

=P

(27) {eq:entails-p::lemma:sup-implies-entailment-subtyping}

Assume Q = V implements J 〈W 〉. With Lemma 6.18 we get the existence of V ′ such
that

V ′ implements J 〈W 〉 ∈ sup(T ′ implements I 〈U〉) (28) {eq:sup-p::lemma:sup-implies-entailment-subtyping}
(∀i) ∆ q̀

′ Vi ≤ V ′
i (29) {eq:vi-st-vip::lemma:sup-implies-entailment-subtyping}

(∀i) if Vi 6= V ′
i then i ∈ pos−(J) (30) {eq:pos-minus::lemma:sup-implies-entailment-subtyping}

Applying part (ii) of the I.H. to (28) and the last premise in (27) yields

∆ q V ′ implements J 〈W 〉

Hence

(∀i) ∆ q̀
′ V ′

i ≤ V ′′
i

(∀i) if V ′
i 6= V ′′

i then i ∈ pos−(J) ∆ q
′ V ′′ implements J 〈W 〉

∆ q V ′ implements J 〈W 〉
ent-q-alg-up

With (29) and Lemma 6.5 we get ∆ q̀
′ Vi ≤ V ′′

i for all i. Moreover, if Vi 6= V ′′
i then

either Vi 6= V ′
i or V ′

i 6= V ′′
i ; hence, noting (30), we have i ∈ pos−(J) for those i with

Vi 6= V ′′
i . By rule ent-q-alg-up we then get ∆ q V implements J 〈W 〉 as required.

End case distinction on the last rule used in D1.

(ii) Case distinction on the last rule used in D2.

• Case ent-q-alg-env: Then R = R for some R and R′ ∈ ∆ and R ∈ sup(R′). With
Lemma 6.24 we know that there exists S = S. Thus, we also have S ∈ sup(R). With
Lemma 6.14 we then get S ∈ sup(R′). Hence, ∆ q

′ S.

• Case ent-q-alg-impl: We have

implementation〈X〉 I 〈V 〉 [N ] where Q . . . ∆ q σQ dom(σ) = X

∆ q σ(N implements I 〈V 〉)︸ ︷︷ ︸
=R (31) {eq:entails-impl::lemma:sup-implies-entailment-subtyping}

From Lemma 6.25 we know that there exists S′ ∈ sup(N implements I 〈V 〉) such that
σS′ = S. Let S′ = T implements J 〈U〉. By criterion Wf-Impl-2 we get the existence
of a definition

implementation〈Y 〉 J 〈U ′〉 [M ] where P . . .
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and a substitution τ = [W/Y ] such that

(∀i) Q q̀ T i ≤ τM i (32) {eq:ti-st-subst-mi::lemma:sup-implies-entailment-subtyping}

(∀i) if Ti 6= τMi then i ∈ pos−(J)

U = τU ′ (33) {eq:mu-eq-mup::lemma:sup-implies-entailment-subtyping}

Q q τP (34) {eq:entails-subst-mc::lemma:sup-implies-entailment-subtyping}

Applying part (i) of the I.H. to ∆ q σQ in (31) yields

∆ q Q′ for all Q′ ∈ sup(σQ)

Using this equation together with Lemma 6.22, (32), and (34) yields (note that στMi 6=
K for any K)

(∀i) ∆ q̀
′ σTi ≤ στMi (35) {eq:ti-st-subst-substa-mi::lemma:sup-implies-entailment-subtyping}

∆ q στP (36) {eq:entails-subst-substa-mc::lemma:sup-implies-entailment-subtyping}

Define σ′ with dom(σ′) = Y and σ′(X) = στ(X) for all X ∈ Y . We then have

(∀i) ∆ q̀
′ σTi ≤ σ′Mi with (35) (∀i) if σTi 6= σ′Mi then i ∈ pos−(J)

implementation〈Y 〉 J 〈U ′〉 [M ] where P . . .
∆ q σ′P with (36)

∆ q
′ σ′(M implements J 〈U ′〉)

ent-q-alg-impl

∆ q σT implements J 〈σ′U ′〉
ent-q-alg-up

With (33) we get σU = σ′U ′. Hence,

σT implements J 〈σ′U ′〉 = σT implements J 〈σU〉 = σS′ = S

Thus, ∆ q S as required.

• Case ent-q-alg-iface: We have

1 ∈ pos+(I) I 〈V 〉 Ei K

∆ q
′ I 〈V 〉 implementsK︸ ︷︷ ︸

=R

With Lemma 6.23 we get S = I 〈V 〉 implementsL with K Ei L. With Lemma 6.2 we
get I 〈V 〉 Ei L. Hence, with ent-q-alg-iface, we have ∆ q

′ S.

End case distinction on the last rule used in D2.

(iii) Case distinction on the last rule used in D3.

• Case sub-q-alg-kernel: Then we have ∆ q̀
′ T ≤ K and from K Ei L we get ∆ q̀

′

K ≤ L. Using Lemma 6.5 we get ∆ q̀
′ T ≤ L, from which we get ∆ q̀ T ≤ L by rule

sub-q-alg-kernel.

• Case sub-q-alg-impl: We have

∆ q̀
′ T ≤ U ∆ q

′ U implementsK

∆ q̀ T ≤ K

With K Ei L and Lemma 6.26, we get U implementsL ∈ sup(U implementsK. Thus,
with part (ii) of the I.H. we get

∆ q U implementsL
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By Lemma 6.27 we get the existence of U ′ such that

∆ q̀
′ U ≤ U ′

∆ q
′ U ′ implementsL

By Lemma 6.5 we then get ∆ q̀
′ T ≤ U ′, so the claim follows by using rule ent-q-alg-impl.

End case distinction on the last rule used in D3.

Corollary 6.29. Suppose ∆ q σ∆′.

(i) If ∆′
q̀ T ≤ U then ∆ q̀ σT ≤ σU .

(ii) If ∆′ q P then ∆ q σP.

Proof. Combine Lemma 6.22 and Lemma 6.28.

Lemma 6.30 (Transitivity of quasi-algorithmic subtyping). If D1 :: ∆ q̀ T ≤ U and D2 :: ∆ q̀

U ≤ V then ∆ q̀ T ≤ V .

Proof. Case distinction on the last rules used in the derivations D1 and D2.

• Case sub-q-alg-kernel and sub-q-alg-kernel: Then the claim follows with Lemma 6.5.

• Case sub-q-alg-kernel and sub-q-alg-impl: Then the claim follows with Lemma 6.12.

• Case sub-q-alg-impl and sub-q-alg-kernel: Then we have U = K for some K. With
Lemma 6.11 we get that either V = Object or V = L for some L with K Ei L.

If V = Object, then the claim follows with sub-q-alg-obj and sub-q-alg-kernel. Otherwise,
V = L for some L with K Ei L. The claim now follows with Lemma 6.28.

• Case sub-q-alg-impl and sub-q-alg-impl: We then have U = K for some K and V = L for
some L. Moreover,

∆ q̀
′ T ≤ T ′ ∆ q

′ T ′ implementsK

∆ q̀ T ≤ K

∆ q̀
′ K ≤ U ′ ∆ q

′ U ′ implementsL

∆ q̀ K ≤ L

With ∆ q̀
′ K ≤ U ′ and Lemma 6.11 we know that either U ′ = Object or U ′ = K ′ for some

K ′ with K Ei K ′. If U ′ = Object, then ∆ q̀
′ T ≤ U ′ by sub-q-alg-obj, so ∆ q̀ T ≤ L

follows by sub-q-alg-impl.

Now suppose U ′ = K ′ for some K ′ with K Ei K ′. By Lemma 6.6 and ∆ q
′ U ′ implementsL

we have K ′ Ei L. Hence, with Lemma 6.2: K Ei L. With ∆ q̀ T ≤ K and Lemma 6.28 we
then get ∆ q̀ T ≤ L as required.

End case distinction on the last rules used in the derivations D1 and D2.

Lemma 6.31. If ∆ q T
n−1

U ′ V implements I 〈W 〉 and n ∈ pos−(I) and ∆ q̀
′ U ≤ U ′, then

∆ q T
n−1

U V implements I 〈W 〉.

Proof. From ∆ q T
n−1

U ′ V implements I 〈W 〉 we get with Lemma 6.27 the existence of
T ′n−1

U ′′ V ′ such that

(∀i) ∆ q̀
′ Ti ≤ T ′

i

(∀i) if Ti 6= T ′
i then i ∈ pos−(I)

(∀i) ∆ q̀
′ Vi ≤ V ′

i

(∀i) if Vi 6= V ′
i then n + i ∈ pos−(I)

∆ q̀
′ U ′ ≤ U ′′

∆ q
′ T ′n−1

U ′′ V ′ implements I 〈W 〉
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With Lemma 6.5 we then have

∆ q̀
′ U ≤ U ′′

Because n ∈ pos−(I) we can apply rule ent-q-alg-up and get ∆ q T
n−1

U V implements I 〈W 〉
as required.

Lemma 6.32. Suppose ∆ q T
n
implements I 〈W 〉 and [n] = N1 ∪̇N2 such that Ti = Ki for all

i ∈ N1 and Ti = Gi for all i ∈ N2. Then one of the following holds:

• ∆ q U
n
implements I 〈W 〉 for any U with Ui = Gi for all i ∈ N2. Moreover, i ∈ pos−(I)

for all i ∈ N1.

• N1 = {1}, N2 = ∅, 1 ∈ pos+(I), and K1 Ei I 〈W 〉. Moreover, if 1 /∈ pos−(I) then, if
K1 = J 〈W ′〉, 1 ∈ pos+(J)

Proof. From ∆ q T
n
implements I 〈W 〉 we get with Lemma 6.27 the existence of T ′n such

that

(∀i ∈ [n]) ∆ q̀
′ Ti ≤ T ′

i

(∀i ∈ [n]) if Ti 6= T ′
i then i ∈ pos−(I) (37) {eq:pos-minus::lemma:alg-entail-iface}

∆ q
′ T ′n implements I 〈W 〉 (38) {eq:entails::lemma:alg-entail-iface}

With Lemma 6.11 we know for all i ∈ N1 that either T ′
i = K ′

i for some K ′
i with Ki Ei K ′

i or
T ′

i = Object.

• Assume there exists some i ∈ N1 such that T ′
i = K ′

i for some K ′
i. Then the derivation of

∆ q
′ T ′n implements I 〈W 〉 must end with rule ent-q-alg-iface. Hence:

[n] = {1}
N1 = {1}
N2 = ∅

T ′
1 = J 〈W ′〉 (= K ′

1)

J 〈W ′〉 Ei I 〈W 〉
1 ∈ pos+(J)

With K1 Ei K ′
1 we then also have K1 Ei I 〈W 〉. With Lemma 6.20: 1 ∈ pos+(I).

• Assume T ′
i = Object for all i ∈ N1. Because Ti = Ki 6= Object we have i ∈ pos−(I) by

(37). Let U
n

be given with Ui = Gi for all i ∈ N2. Then

(∀i ∈ [n]) ∆ q̀
′ Ui ≤ T ′

i

(∀i ∈ [n]) if Ui 6= T ′
i then i ∈ pos−(I)

With (38) and rule ent-q-alg-up we then have ∆ q U
n
implements I 〈W 〉.

Finally, suppose 1 /∈ pos−(I). Then T1 = T ′
1 by (37), so K1 = K ′

1 = J 〈W ′〉 and 1 ∈ pos+(J)
as required.

Lemma 6.33. If ∆ q̀
′ T ≤ U and ∆ q

′ U implementsK and K Ei I 〈V 〉 and 1 ∈ pos−(I), then
∆ q T implements I 〈V 〉.

Proof. With K Ei I 〈V 〉 and Lemma 6.26 we have U implements I 〈V 〉 ∈ sup(U implementsK).
Hence, with Lemma 6.28 we have

∆ q U implements I 〈V 〉
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By Lemma 6.27 we then get the existence of U ′ with

∆ q̀
′ U ≤ U ′

∆ q
′ U ′ implements I 〈V 〉

By Lemma 6.5 we have ∆ q̀
′ T ≤ U ′, so with 1 ∈ pos−(I) and rule ent-q-alg-up, we get

∆ q T implements I 〈V 〉.

Theorem 6.34 (Completeness of quasi-algorithmic entailment and subtyping).

(i) If ∆  P then ∆ q P.

(ii) If ∆ ` T ≤ U then ∆ q̀ T ≤ U .

Proof. Induction on the combined height of the derivations of ∆  P and ∆ ` T ≤ U .

(i) Case distinction on the last rule used in the derivation of ∆  P.

• Case ent-extends: Follows with part (ii) of the I.H.

• Case ent-env: With rules sup-id and ent-q-alg-env we have ∆ q
′ P. The claim then

follows from Lemma 6.19.

• Case ent-super: Then we have

interface I 〈X〉 [Y whereR] . . . ∆  U implements I 〈T 〉
∆  [T/X, U/Y ]Ri︸ ︷︷ ︸

=P

We then get by part (i) of the I.H.

∆ q U implements I 〈T 〉

By looking at the rules defining sup, we also have

P ∈ sup(U implements I 〈T 〉)

The claim ∆ q P now follows from Lemma 6.28.

• Case ent-impl: We have

implementation〈X〉 I 〈T 〉 [N ] where P . . . ∆  [U/X]P

∆  [U/X](N implements I 〈T 〉)︸ ︷︷ ︸
=P

By part (i) of the I.H. we get ∆ q [U/X]P . With rule ent-q-alg-impl we then have
∆ q

′ P. The claim now follows with Lemma 6.19.

• Case ent-up: We have

∆ ` U ≤ U ′ ∆  T U ′ V implements I 〈W 〉 n ∈ pos−(I)

∆  T
n−1

U V
m
implements I 〈W 〉︸ ︷︷ ︸

=P (39) {eq:init::theorem:completeness-alg-entailment-subtyping}

Applying part (i) of the I.H. yields

∆ q T U ′ V implements I 〈W 〉 (40) {eq:up-entails::theorem:completeness-alg-entailment-subtyping}

and part (ii) yields

∆ q̀ U ≤ U ′ (41) {eq:u-st-up::theorem:completeness-alg-entailment-subtyping}

Case distinction on the last rule used in the derivation of (41).
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– Case rule sub-q-alg-kernel: Then ∆ q̀
′ U ≤ U ′. With Lemma 6.31 we then have

∆ q P as required.
– Case rule sub-q-alg-impl: Then we have U ′ = K for some K such that

∆ q̀
′ U ≤ U ′′ ∆ q

′ U ′′ implementsK

∆ q̀ U ≤ K

Applying Lemma 6.32 to (40) with U ′ = K yields that either ∆ q P (we are done
in this case) or that n = 1, m = 0, and K Ei I 〈W 〉. With ∆ q̀

′ U ≤ U ′′, ∆ q
′

U ′′ implementsK, K Ei I 〈W 〉, 1 ∈ pos−(I) (follows from (39)), and Lemma 6.33
we get

∆ q U implements I 〈W 〉

as required.

End case distinction on the last rule used in the derivation of (41).

• Case ent-iface: We then have P = I 〈T 〉 implements I 〈T 〉 and 1 ∈ pos+(I), so the
claim follows with rule ent-q-alg-iface.

End case distinction on the last rule used in the derivation of ∆  P.

Case distinction on the last rule used in the derivation of ∆ ` T ≤ U .

• Case sub-refl: Follows with Lemma 6.4 and rule sub-q-alg-kernel.

• Case sub-object: Follows with rules sub-q-alg-obj and sub-q-alg-kernel.

• Case sub-trans: Follows with Lemma 6.30.

• Case sub-var: Then we have T = X for some X and X extendsU ∈ ∆. If U = X or
U = Object, then the claim follows using rules sub-q-alg-var-refl or sub-q-alg-obj,
respectively, together with sub-q-alg-kernel. Otherwise, rule sub-q-alg-var is appli-
cable (note Lemma 6.4), so the claim follows with sub-q-alg-kernel.

• Case sub-class: Follows with sub-q-alg-class or sub-q-alg-obj.

• Case sub-iface: Follows with sub-q-alg-iface.

• Case sub-impl: Then

∆  T implementsK

∆ ` T ≤ K︸︷︷︸
=U

Applying the I.H. yields ∆ q T implementsK. With Lemma 6.27 we get the existence
of T ′ such that

∆ q̀
′ T ≤ T ′

∆ q
′ T ′ implementsK

Using rule sub-q-alg-impl we now can derive ∆ ` T ≤ K.

End case distinction on the last rule used in the derivation of ∆ ` T ≤ U .

Lemma 6.35. If ∆  R and S ∈ sup(R) then ∆  S.

Proof. By an induction on the derivation of S ∈ sup(R). If the derivation ends with sup-id,
then S = R and the claim follows trivially. Suppose the derivation ends with sup-step:

interface I 〈X〉 [Y whereS] . . . V implements I 〈W 〉 ∈ sup(R)

[W/X, V/Y ]Si︸ ︷︷ ︸
=S

∈ sup(R)
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Applying the I.H. yields

∆  V implements I 〈W 〉

The claim now follows with ent-super.

Theorem 6.36 (Soundness of quasi-algorithmic subtyping and entailment).
(i) If D1 :: ∆ q̀

′ T ≤ U then ∆ ` T ≤ U .

(ii) If D2 :: ∆ q̀ T ≤ U then ∆ ` T ≤ U .

(iii) If D3 :: ∆ q
′ R then ∆  R.

(iv) If D4 :: ∆ q P then ∆  P.

Proof. We proceed by induction on the combined height of D1,D2,D3, and D4.

(i) Case distinction on the last rule used in D1.

• Case sub-q-alg-obj: Follows with sub-object.
• Case sub-q-alg-var-refl: Follows with sub-refl.
• Case sub-q-alg-var: Follows by appeal to part (i) of the I.H., sub-var, and sub-trans.
• Case sub-q-alg-class: Follows by combining (possibly repeated) applications of sub-class

with sub-trans.
• Case sub-q-alg-iface: Follows by combining (possibly repeated) applications of sub-iface

with sub-trans.

End case distinction on the last rule used in D1.

(ii) Case distinction on the last rule used in D2.

• Case sub-q-alg-kernel: Follows from part (i) of the I.H.
• Case sub-q-alg-impl: We have

∆ q̀
′ T ≤ T ′ ∆ q

′ T ′ implementsK

∆ q̀ T ≤ K︸︷︷︸
=U

By parts (i) and (iii) we get

∆ ` T ≤ T ′

∆  T ′ implementsK

With sub-impl we then have ∆ ` T ′ ≤ K, so sub-trans yields the desired result.

End case distinction on the last rule used in D2.

(iii) Case distinction on the last rule used in D3.

• Case ent-q-alg-env: We then have S ∈ ∆ and R ∈ sup(S) With ent-env we get ∆  S.
Applying Lemma 6.35 then yields ∆  R.

• Case ent-q-alg-impl: By appeal to part (iv) of the I.H. and rule ent-impl.
• Case ent-q-alg-iface: We then have R = I 〈V 〉 implementsK, 1 ∈ pos+(I), and

I 〈V 〉 Ei K. With Lemma 6.26 we get

I 〈V 〉 implementsK ∈ sup(I 〈V 〉 implements I 〈V 〉)

Because 1 ∈ pos+(I) we have with ent-iface

∆  I 〈V 〉 implements I 〈V 〉

Then ∆  R by Lemma 6.35.
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End case distinction on the last rule used in D3.

(iv) Case distinction on the last rule used in D4.

• Case ent-q-alg-extends: Follows by part (ii) of the I.H. and ent-extends.

• Case ent-q-alg-up: We have P = T
n
implements I 〈V 〉 and

(∀i) ∆ q̀
′ Ti ≤ Ui (∀i) if Ti 6= Ui then i ∈ pos−(I) ∆ q

′ U implements I 〈V 〉
∆ q T

n
implements I 〈V 〉 (42) {eq:init::lemma:soundness-alg-subtyping-entailment}

By part (i) and (iii), we get

(∀i) ∆ ` Ti ≤ Ui (43) {eq:by-ih1::lemma:soundness-alg-subtyping-entailment}

∆  U
n
implements I 〈V 〉

We now show ∆  T
n
implements I 〈V 〉 by an inner induction on the number m of

indices i with Ti 6= Ui.

– If m = 0 then T = U and the claim follows trivially.
– Assume m > 0. W.l.o.g., suppose Tn 6= Un. We get by the inner I.H.

∆  T
n−1

Un implements I 〈V 〉 (44) {eq:by-iih::lemma:soundness-alg-subtyping-entailment}

Because Tn 6= Un we have n ∈ pos−(I) by (42). With (43),(44), and ent-up we
then get ∆  T

n
implements I 〈V 〉 as required.

End case distinction on the last rule used in D4.

7 Type Soundness

Lemma 7.1 (Type substitution preserves entailment and subtyping). Suppose ∆  σ∆′.

(i) If ∆′ ` T ≤ U then ∆ ` σT ≤ σU .

(ii) If ∆′  P then ∆  σP.

Proof. Follows with Corollary 6.29, Theorem 6.34, and Theorem 6.36.

Lemma 7.2 (Weakening). Assume ∆ ⊆ ∆′.

(i) If ∆  P then ∆′  P.

(ii) If ∆ ` T ≤ U then ∆′ ` T ≤ U .

(iii) If ∆ ` P ok then ∆′ ` P ok.

(iv) If ∆ ` T ok then ∆′ ` T ok.

Proof. We prove the first two parts by induction on the combined height of the derivations
of ∆  P and ∆ ` T ≤ U . Similarly, we prove the last two parts by induction on the combined
height of the derivations of ∆ ` P ok and ∆ ` T ok.

Lemma 7.3 (Substitution preserves well-formedness). Suppose ∆  σ∆′ and ∆ ` σX ok for all
X ∈ dom(σ) and dom(∆) ⊇ dom(∆′) \ dom(σ).

(i) If ∆′ ` T ok then ∆ ` σT ok

(ii) If ∆′ ` P ok then ∆ ` σP ok
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Proof. We proceed by induction on the combined height of the two derivations given.

(i) Case distinction on the last rule used in the derivation of ∆′ ` T ok.

• Case rule ok-tvar: Then T = X and X ∈ dom(∆′).

– If X ∈ dom(σ) then ∆ ` σX ok by assumption.
– If X /∈ dom(σ) then X ∈ dom(∆) by assumption. Hence, ∆ ` σX ok.

• Case rule ok-object: Trivial.

• Case rule ok-class: Follows from the I.H., Lemma 7.1, and the assumption that classes
of the underlying program are closed.

• Case rule ok-iface: Then

interface I 〈X〉 [Y whereR] where P . . .

∆′ ` T ok Y /∈ ftv(T , ∆′) ∆′, Y implements I 〈T 〉  [T/X]R,P

∆′ ` I 〈T 〉 ok

with T = I 〈T 〉. By the I.H. we have ∆ ` σT ok. W.l.o.g., Y /∈ ftv(σT , ∆) ∪
dom(σ). We get with the assumption ∆  σ∆′, Lemma 7.2, and rule ent-env that
∆, Y implements I 〈σT 〉  σ(∆′, Y implements I 〈T 〉). Lemma 7.1 now yields

∆, Y implements I 〈σT 〉  σ[T/X]R,P︸ ︷︷ ︸
=[σT/X]R,P

Hence, by rule ok-iface, ∆ ` σI 〈T 〉 ok.

End case distinction on the last rule used in the derivation of ∆′ ` T ok.

(ii) We proceed by case distinction on the last rule used in the derivation of ∆′ ` P ok. For rule
ok-impl-constr, the claim follows with Lemma 7.1 and the I.H. For rules ok-ext-constr

and ok-mono-constr, the claim follows directly from the I.H.

Lemma 7.4. If ∆  σ∆′ and mtype∆′(m,T ) = msig then mtype∆(m,σT ) = σmsig.

Proof. Follows by case distinction on the rule used to derive mtype∆′(m,T ) = msig . The case
where this rule is mtype-iface relies on Lemma 7.1. Moreover, we use the assumption that classes
and interfaces of the underlying program are closed.

Lemma 7.5. If ∆  σ∆′ and smtype∆′(m,K[T ]) = msig then smtype∆(m,σK[T ]) = σmsig.

Proof. Follows immediately from Lemma 7.1 and the assumption that interfaces of the under-
lying program are closed.

Lemma 7.6. If fields(N) = T f then fields(σN) = σT f .

Proof. Straightforward induction on the derivation of fields(N) = T f .

Lemma 7.7 (Type substitution preserves expression typing). Suppose ∆  σ∆′ and ∆ ` σX ok
for all X ∈ dom(σ) and dom(∆) ⊇ dom(∆′) \ dom(σ). If ∆′; Γ ` e : T then ∆; σΓ ` σe : σT .

Proof. We proceed by induction on the derivation of ∆′; Γ ` e : T .
Case distinction on the last rule of the derivation of ∆′; Γ ` e : T .

• Case rule exp-var: Obvious.
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• Case rule exp-field: Then

∆′; Γ ` e′ : C 〈T 〉 class C 〈X〉 extends N where P {U f . . . }
∆′; Γ ` e′.fj : [T/X]Uj

exp-field

with e = e′.fj and T = [T/X]Uj . Applying the I.H. yields ∆;σΓ ` σe′ : C 〈σT 〉. With
rule exp-field we then get ∆;σΓ ` σ(e′.fj ) : [σT/X]Uj . Because the underlying program is
well-typed, we have ftv(Uj) ⊆ X. Hence, [σT/X]Uj = σ[T/X]Uj = σT as required.

• Case rule exp-invoke: Then

∆′; Γ ` e′ : T ′ mtype∆′(m,T ′) = 〈X〉U x → U where P

(∀i) ∆′; Γ ` ei : [V/X]Ui ∆′  [V/X]P ∆′ ` V ok

∆′; Γ ` e′.m〈V 〉(e) : [V/X]U
exp-invoke

with e = e′.m〈V 〉(e) and T = [V/X]U . From the I.H. we get

∆; σΓ ` σe′ : σT ′

(∀i) ∆;σΓ ` σei : σ[V/X]Ui

By Lemma 7.1 we get

∆  σ[V/X]P

By Lemma 7.3 we get

∆ ` σV ok

W.l.o.g., X fresh, so with Lemma 7.4

mtype∆(m,σT ′) = 〈X〉σU x → σU where σP

With X fresh we have σ[V/X](U,U,P) = [σV/X]σ(U,U,P), so we may apply rule exp-invoke

and get ∆; σΓ ` σe : [σV/X]σU . But [σV/X]σU = σT as required.

• Case rule exp-invoke-s: Then

smtype∆′(m, I 〈W 〉[T ]) = 〈X〉U x → U where P (∀i) ∆′; Γ ` ei : [V/X]Ui

∆′  [V/X]P 1 /∈ pos+(I) or (∃i) ∆′  Ti mono ∆′ ` T , V ok

∆′; Γ ` I 〈W 〉[T ].m〈V 〉(e) : [V/X]U
exp-invoke-s

with e = I 〈W 〉[T ].m〈V 〉(e) and T = [V/X]U . W.l.o.g., X fresh. Hence, by Lemma 7.5

smtype∆(m,σI 〈W 〉[T ]) = 〈X〉σU x → σU where σP

Moreover, σ[V/X](U,U,P) = [σV/X]σ(U,U,P). Applying the I.H. then yields

(∀i) ∆;σΓ ` σei : [σV/X]σUi

With Lemma 7.1 we also have

∆  [σV/X]σP
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Moreover, with Lemma 7.3

∆ ` σ(T , V ) ok

Also, if ∆′  Ti mono for some i, then with Lemma 7.1

∆  σTi mono

We now get with rule exp-invoke-s that ∆;σΓ ` σe : [σV/X]σU . Noting that [σV/X]σU =
σT finishes this case.

• Case rule exp-new: Follows from the I.H., Lemma 7.3, and Lemma 7.6.

• Case rule exp-cast: Follows from the I.H. and Lemma 7.3.

• Case rule exp-subsume: Follows from the I.H. and Lemma 7.1.

End case distinction on the last rule of the derivation of ∆′; Γ ` e : T .

Lemma 7.8 (Expression substitution preserves expression typing). If ∆; Γ, x : T ` e : U and
∆; Γ : e′ : T then ∆; Γ ` [e′/x]e : U .

Proof. By induction on the derivation given.
Case distinction on the last rule used in the derivation of ∆; Γ, x : T ` e : U .

• Case rule exp-var: If e = x then T = U and [e′/x]e = e′, so the claim follows from the
assumptions. Otherwise, e = y for some y 6= x with (Γ, x : T )(y) = U . Hence, Γ(y) = U , so
the claim follows with rule exp-var.

• Case rule exp-field: Follows from the I.H. and rule exp-field.

• Case rule exp-invoke: Follows from the I.H. and rule exp-invoke.

• Case rule exp-invoke-s: Follows from the I.H. and rule exp-invoke-s.

• Case rule exp-new: Follows from the I.H. and rule exp-new.

• Case rule exp-cast: Follows from the I.H. and rule exp-cast.

• Case rule exp-subsume: Follows from the I.H. and rule exp-subsume.

End case distinction on the last rule used in the derivation of ∆; Γ, x : T ` e : U .

Lemma 7.9. If ∅  T implements I 〈V 〉 then one of the following holds:

• There exists an implementation definition

implementation〈X〉 I 〈V ′〉 [N ] where P . . .

and a substitution [U/X] such that ∅  [U/X]P , V = [U/X]V ′, and (∀i) ∅ ` Ti ≤ [U/X]Ni

with Ti 6= [U/X]Ni implying i ∈ pos−(I).

• T = T such that ∅ ` T ≤ J 〈U〉, J 〈U〉 Ei I 〈V 〉, 1 ∈ pos+(J), and 1 ∈ pos−(I) unless
T = J 〈U〉.

Proof. From ∅  T implements I 〈V 〉 we get ∅ q T implements I 〈V 〉 by Theorem 6.36. By
Lemma 6.27 we then get the existence of T ′ such that

∅ q
′ T ′ implements I 〈V 〉
(∀i) ∅ q̀

′ Ti ≤ T ′
i

(∀i) i ∈ pos−(I) unless Ti = T ′
i (45) {eq:pos-minus::lemma:entails-empty-tenv}

By Theorem 6.34 and rule sub-q-alg-kernel we have

(∀i) ∅ ` Ti ≤ T ′
i (46) {eq:Ti-st-Ti’::lemma:entails-empty-tenv}

Case distinction on the last rule of the derivation of ∅ q
′ T ′ implements I 〈V 〉.
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• Case rule ent-q-alg-env: Impossible.

• Case rule ent-q-alg-impl: Then

implementation〈X〉 I 〈V ′〉 [N ] where P . . .

∅ q [U/X]P

with V = [U/X]V ′ and T ′ = [U/X]N . By Theorem 6.34 we get ∅  [U/X]P . Thus, with
(45) and (46), we conclude that the first case of the lemma holds.

• Case rule ent-q-alg-iface: Then T ′ = J 〈U〉, 1 ∈ pos+(J), and J 〈U〉 Ei I 〈V 〉. With (45)
and (46), it is now easy to see that the second case of the lemma holds.

End case distinction on the last rule of the derivation of ∅ q
′ T ′ implements I 〈V 〉.

Lemma 7.10. If ∅ ` T ≤ N then either N = Object or N 6= Object and T = N ′ for some N ′

with N ′ Ec N .

Proof. If N = Object then we are done. Thus, assume N 6= Object. With Theorem 6.34 we
have ∅ q̀ T ≤ N , so ∅ q̀

′ T ≤ N with Lemma 6.16. The claim now follows with Lemma 6.11.

Lemma 7.11. If ∅ ` N ≤ I 〈V 〉 then N Ec M for some M and there exists a definition
implementation〈X〉 I 〈V ′〉 [M ′ ] where P . . . and a substitution [U/X] such that ∅  [U/X]P ,
V = [U/X]V ′, and M = [U/X]M ′.

Proof. From ∅ ` N ≤ I 〈V 〉 we get ∅ q̀ N ≤ I 〈V 〉 by Theorem 6.34.
Case distinction on the last rule of the derivation of ∅ q̀ N ≤ I 〈V 〉.

• Case rule sub-q-alg-kernel: Then ∅ q̀
′ N ≤ I 〈V 〉, which is a contradiction to Lemma 6.11.

• Case rule sub-q-alg-impl: Hence

∅ q̀
′ N ≤ T

∅ q
′ T implements I 〈V 〉

By Lemma 6.11 we have T = M for some M with N Ec M . Moreover, the derivation of
∅ q

′ M implements I 〈V 〉 must end with rule ent-q-alg-impl. Inverting this rule and using
Theorem 6.36 finishes this case.

End case distinction on the last rule of the derivation of ∅ q̀ N ≤ I 〈V 〉.

Lemma 7.12. If ∅  T mono then T = N for some N .

Proof. Obvious.

Lemma 7.13. If ∆; Γ ` e : T then D :: ∆; Γ ` e : T ′ with ∆ ` T ′ ≤ T such that D does not end
with an application of rule exp-subsume.

Proof. Straightforward induction on the derivation of ∆; Γ ` e : T .

Lemma 7.14. If C 〈T 〉 Ec D〈U〉 then, for fresh and pairwise distinct type variables X, C 〈X〉 Ec

D〈U ′〉 with [T/X]D〈U ′〉 = D〈U〉.

Proof. By induction on the derivation of C 〈T 〉 Ec D〈U〉.
Case distinction on the last rule in the derivation of C 〈T 〉 Ec D〈U〉.

• Case ext-c-refl: Obvious with U ′ = X.
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• Case ext-c-super: Then

class C 〈Y 〉 extends C ′〈V 〉 . . . [T/Y ]C ′〈V 〉 Ec D〈U〉
C 〈T 〉 Ec D〈U〉

By the I.H. there exists Z, U ′′ with

C ′〈Z〉 Ec D〈U ′′〉

[[T/Y ]V/Z]D〈U ′′〉 = D〈U〉

We also have for σ = [X/Y ] that C 〈X〉 Ec σC ′〈V 〉. From C ′〈Z〉 Ec D〈U ′′〉 we get
with Lemma 6.13 that [σV/Z]C ′〈Z〉 Ec [σV/Z]D〈U ′′〉. With [σV/Z]C ′〈Z〉 = σC ′〈V 〉 and
Lemma 6.2 we then have

C 〈X〉 Ec [σV/Z]D〈U ′′〉

Moreover,

[T/X][σV/Z]D〈U ′′〉 X fresh= [[T/Y ]V/Z]D〈U ′′〉 = D〈U〉

Define U ′ = [σV/Z]U ′′ to finish the proof.

End case distinction on the last rule in the derivation of C 〈T 〉 Ec D〈U〉.

Lemma 7.15.

(i) If ∆ ` T ok then ftv(T ) ⊆ dom(∆).

(ii) If ∆ ` P ok then ftv(P) ⊆ dom(∆).

Proof. We prove the first claim by induction on the derivation of ∆ ` T ok. The second claim
follows from the first one by inverting the last rule in the derivation of ∆ ` P ok.

Lemma 7.16 (Class inheritance propagates well-formedness). If N Ec M and ∆ ` N ok then
∆ ` M ok.

Proof. We proceed by induction on the derivation of N Ec M .
Case distinction on the last rule of the derivation of N Ec M .

• Case rule ext-c-refl: Obvious.

• Case rule ext-c-super: Then

class C 〈X〉 extends N ′ where P . . . [V/X]N ′ Ec M

∆ ` C 〈V 〉 ≤ M

with N = C 〈V 〉. Because ∆ ` N ok, we have ∆  [V/X]P and ∆ ` V ok. The underlying
program is well-typed, so P ,X ` N ′ ok. With Lemma 7.3 then ∆ ` [V/X]N ′ ok. Applying
the I.H. now yields ∆ ` M ok.

End case distinction on the last rule of the derivation of N Ec M .

Lemma 7.17. If ∆; Γ, x : T ` e : U and ∆ ` T ′ ≤ T then ∆; Γ, x : T ′ ` e : U .

Proof. Straightforward induction on the derivation of ∆; Γ, x : T ` e : U .

Lemma 7.18. If N Ec M then ∆ ` N ≤ M .
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Proof. The claim is obvious if M = Object. Otherwise, it follows using rule sub-q-alg-class,
rule sub-q-alg-kernel, and Theorem 6.36.

Lemma 7.19. Suppose mtype∅(mc, N) = 〈X〉U x → U where P and getmdefc(mc, N ′) = 〈X ′〉U ′ x′ →
U ′ where P′ {e} and ∅ ` N ′ ok and N ′ Ec N and ∅  σP for some substitution σ with dom(σ) = X
and ∅ ` σX ok for all X ∈ dom(σ).

Then X = X ′, x = x′, and ∅; this : N ′, x : σU ` σe : σU .

Proof. In the following, we write simply m instead of mc. The proof is by induction on the
derivation of getmdefc(m,N ′) = 〈X ′〉U ′ x′ → U ′ where P′ {e}
Case distinction on the last rule used in this derivation.

• Case rule dyn-mdef-c-base: Then

class C 〈Z〉 extends M where Q { . . . m : mdef } m = mk

getmdefc(m,C 〈T 〉︸ ︷︷ ︸
=N ′

) = [T/Z]mdef k︸ ︷︷ ︸
=〈X′〉U ′ x′→U ′ where P′ {e}

dyn-mdef-c-base

(47) {eq:rule::lemma:soundness-alg-subtyping-entailment}

Assume

mdef k = 〈X ′〉U ′′ x′ → U ′′ where P ′′︸ ︷︷ ︸
=msig

{e′} (48) {eq:mdef-k-def::lemma:soundness-alg-subtyping-entailment}

The underlying program is well-typed, so we have

Q,Z ` mk : mdef k ok inC 〈Z〉

Hence,

Q,P ′′, Z, X ′︸ ︷︷ ︸
=∆

; this : C 〈X〉, x′ : U ′′︸ ︷︷ ︸
=Γ

` e′ : U ′′ (49) {eq:type-e’::lemma:soundness-alg-subtyping-entailment}

override-okQ,Z(mk : msig ,C 〈Z〉) (50) {eq:over-ok::lemma:soundness-alg-subtyping-entailment}

Assume N = D〈V 〉. From C 〈T 〉 Ec D〈V 〉 we get with Lemma 7.14 that

C 〈Z〉 Ec D〈W 〉

[T/Z]D〈W 〉 = D〈V 〉 (51) {eq:w-eq-v::lemma:soundness-alg-subtyping-entailment}

for some W .

From mtype∅(m,D〈V 〉) = 〈X〉U x → U where P we get

class D〈Z ′〉 . . . {. . . m′ : msig{e′′}}
m = m′

j

msigj = 〈X〉U ′′′ x → U ′′′ where P ′′′ (52) {eq:msig-j-def::lemma:soundness-alg-subtyping-entailment}

〈X〉U x → U where P = [V/Z ′]msigj (53) {eq:msig-j-eq::lemma:soundness-alg-subtyping-entailment}

Hence, with criterion Wf-Class-2

mtypeQ,Z(m,D〈W 〉) = [W/Z ′]msigj

From (47), (50), and rule ok-override

Q,Z ` msig ≤ [W/Z ′]msigj (54) {eq:msig-sub::lemma:soundness-alg-subtyping-entailment}
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Define

σ1 = [T/Z]

σ2 = [V/Z ′]

σ3 = [W/Z ′]

We then have from (48), (52) and (54) that

X = X ′

x = x′

U ′′ = σ3U ′′′ (55) {eq:u’’’-eq::lemma:soundness-alg-subtyping-entailment}

P ′′ = σ3P ′′′ (56) {eq:p’’-eq::lemma:soundness-alg-subtyping-entailment}
∆ ` U ′′ ≤ σ3U

′′′ (57) {eq:u’’-sub::lemma:soundness-alg-subtyping-entailment}

From the assumption ∅ ` C 〈T 〉 ok we get that ∅  σ1Q (by inverting rule ok-class) and
that ftv(T ) = ∅. (by Lemma 7.15). The underlying program is well-typed, so ftv(Q) ⊆ Z,
so σσ1Q = σ1Q by definition of σ1. Hence

∅  σσ1Q (58) {eq:entails-q::lemma:soundness-alg-subtyping-entailment}

We have ∅  σP by assumption. Moreover,

σP
(52),(53)

= σσ2P ′′′ (51)
= σ[σ1W/Z ′]P ′′′ w.l.o.g.,Z∩ftv(P ′′′)=∅

= σσ1σ3P ′′′ (56)
= σσ1P ′′

Hence,

∅  σσ1P ′′ (59) {eq:entails-p’’::lemma:soundness-alg-subtyping-entailment}

Noting that ftv(T ) = ∅, we see that σσ1 = [σX/X, T/Z]. Thus, with X = X ′

dom(∆) \ dom(σσ1) = ∅

Moreover, from ∅ ` C 〈T 〉 ok we have ∅ ` T ok, so with the assumptions we get

∅ ` σσ1Y ok for all Y ∈ dom(σσ1)

Hence, we may apply Lemma 7.7 to (49) and get

∅;σσ1Γ ` σσ1e
′ : σσ1U

′′ (60) {eq:1::lemma:soundness-alg-subtyping-entailment}

With ftv(T ) = ∅, we have σσ1N
′ = N ′. Moreover,

σσ1U
′′
i

(55)
= σσ1σ3U

′′′
i

w.l.o.g.,Z∩ftv(U ′′′)=∅
= σ[σ1W/Z ′]U ′′′

i

(51)
= σσ2U

′′′
i

(53)
= σUi

Hence,

σσ1Γ = this : N ′, x : σU (61) {eq:2::lemma:soundness-alg-subtyping-entailment}

We also have from (47) and (48)

σσ1e
′ = σe (62) {eq:3::lemma:soundness-alg-subtyping-entailment}

With (57), (58), (59) and Lemma 7.1 we get

∅ ` σσ1U
′′ ≤ σσ1σ3U

′′′
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We also have

σσ1σ3U
′′′ w.l.o.g.,Z∩ftv(U ′′′)=∅

= σ[σ1W/Z ′]U ′′ (51)
= σσ2U

′′′ (53)
= σU

Hence,

∅ ` σσ1U
′′ ≤ σU

With (60), (61), (62), and rule exp-subsume then

∅; this : N ′, x : σU ` σe : σU

as required.

• Case rule dyn-mdef-c-super: Then

class C 〈Z〉 extends M where Q { . . . m : mdef }
m /∈ m getmdefc(m, [T/Z]M) = 〈X ′〉U ′ x′ → U ′ where P′ {e}

getmdefc(m,C 〈T 〉) = 〈X ′〉U ′ x′ → U ′ where P′ {e}
dyn-mdef-c-super

with N ′ = C 〈T 〉.
Assume [T/Z]M 6Ec N . Then, because N ′ Ec N , we must have N ′ = N . But with
mtype∅(mc, N) = 〈X〉U x → U where P we then have m ∈ m, which is a contradiction.

Thus, [T/Z]M Ec N . Obviously, also N ′ Ec [T/Z]M , so with Lemma 7.16 ∅ ` [T/Z]M ok.
Thus, we can apply the I.H. and get

X = X ′

x = x′

∅; this : [T/Z]M,x : σU ` σe : σU

By Lemma 7.18 ∅ ` N ′ ≤ [T/Z]M , so an application of Lemma 7.17 finishes this case.

End case distinction on the last rule used in this derivation.

Lemma 7.20. If mtype∅(mc, N) = 〈Xn〉U x
m → U where P and N ′ Ec N then getmdefc(mc, N ′) =

〈Y n〉V y
m → V where Q {e}.

Proof. We proceed by induction on the derivation of N ′ Ec N .
Case distinction on the last rule used in the derivation of N ′ Ec N .

• Case rule ext-c-refl: Then N ′ = N and the claim follows with rule dyn-mdef-c-base and
criterion Wf-Class-2.

• Case rule ext-c-super: Then

class C 〈X〉 extends M where P ′ { . . . m : mdef } [T/X]M Ec N

C 〈T 〉 Ec N
ext-c-super

with N ′ = C 〈T 〉.

– Assume mc /∈ m. We get by the I.H. that getmdefc(mc, [T/X]M) = 〈Y n〉V y
m →

V where Q {e}. With mc /∈ m we then have getmdefc(mc,C 〈T 〉) = 〈Y n〉V y
m →

V where Q {e} by rule dyn-mdef-c-super.

– Assume mc ∈ m. Then getmdefc(mc,C 〈T 〉) = 〈Y n′

〉V y
m′

→ V where Q {e} and,

by rule mtype-class, mtype∆(mc,C 〈T 〉) = 〈Y n′

〉V y
m′

→ V where Q {e}. Because
the underlying program is well-typed, we know that method mc of class C correctly
overrides method mc of class D, where N = D〈W 〉. But this implies n = n′ and m = m′

as required.
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End case distinction on the last rule used in the derivation of N ′ Ec N .

Lemma 7.21. If N Ec C 〈T 〉 and class C 〈X〉 . . . {U f . . . } and fields(N) = V g, then V g =
V ′ g′ ([T/X]U f) V ′′ g′′

Proof. Straightforward induction on the derivation of N Ec C 〈T 〉.

Lemma 7.22. If fields(N) = U f
n

and i, j ∈ [n] with i 6= j, then fi 6= fj.

Proof. Follows by induction on the derivation of fields(N) = U f , using criterion Wf-Class-
1.

Lemma 7.23. For all N , there exist U and f such that fields(N) = U f .

Proof. Assume N = C 〈T 〉. The claim now follows by induction on the depth of C in the
inheritance tree.

Lemma 7.24. If ∅  T implements I 〈V 〉 and there exists j with ∅ ` M ≤ Tj for some M , then
there exists a definition

implementation〈X〉 I 〈V ′〉 [N ] where P . . .

and a substitution [U/X] such that

(i) ∅  [U/X]P ;

(ii) V = [U/X]V ′;

(iii) ∅ ` M ≤ [U/X]Nj

(iv) if j /∈ pos+(I) then ∅ ` Tj ≤ [U/X]Nj with Tj 6= [U/X]Nj implying j ∈ pos−(I);

(v) if j ∈ pos+(I) and j /∈ pos−(I) and Tj 6= [U/X]Nj, then T = Tj = J 〈W 〉 with J 〈W 〉 Ei I 〈V 〉
and 1 ∈ pos+(J);

(vi) (∀i 6= j) ∅ ` Ti ≤ [U/X]Ni with Ti 6= [U/X]Ni implying i ∈ pos−(I).

Proof. By Lemma 7.9, there are two possibilities. The first of these possibilities implies the
existence of a definition

implementation〈X〉 I 〈V ′〉 [N ] where P . . .

and a substitution [U/X] such that

• ∅  [U/X]P

• V = [U/X]V ′

• (∀i) ∅ ` Ti ≤ [U/X]Ni with Ti 6= [U/X]Ni implying i ∈ pos−(I).

With ∅ ` M ≤ Tj we then also have ∅ ` M ≤ [U/X]Nj by transitivity of subtyping. Claim (v)
also holds because it is impossible to have j /∈ pos−(I) and Tj 6= [U/X]Nj at the same time.

Now assume that the second possibility holds. That is,

T = T

∅ ` T ≤ J 〈W 〉
J 〈W 〉 Ei I 〈V 〉
1 ∈ pos+(J)

1 ∈ pos−(I) unless T = J 〈W 〉
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This implies j = 1. By transitivity of subtyping, we have ∅ ` M ≤ I 〈V 〉 Hence, with Lemma 7.11,
we know that there exists M ′ such that

M Ec M ′

implementation〈X〉 I 〈V ′〉 [N ] where P . . .

∅  [U/X]P

V = [U/X]V ′

M ′ = [U/X]N

We then have ∅ ` M ≤ [U/X]N by Lemma 7.18, so claim (iii) holds. Moreover, we get from
1 ∈ pos+(J) and Lemma 6.20 that 1 ∈ pos+(I), so claim (iv) holds. Now assume 1 /∈ pos−(I).
Then T = J 〈W 〉, so claim (v) holds. Claim (vi) holds trivially. Setting N = N finishes the
proof.

Lemma 7.25. If ∅  T implements I 〈V 〉 and there exists j with j /∈ pos+(I), then there exists a
definition

implementation〈X〉 I 〈V ′〉 [N ] where P . . .

such that

• ∅  [U/X]P

• V = [U/X]V ′

• (∀i) ∅ ` Ti ≤ [U/X]Ni with Ti 6= [U/X]Ni implying i ∈ pos−(I)

Proof. By Lemma 7.9, there are two possibilities. The first of these possibilities directly
implies the claim.

Now assume that the second possibility holds. That is, T = T and 1 ∈ pos+(J). Hence, j = 1.
With Lemma 6.20 we then get 1 ∈ pos+(I). But this contradicts the assumption 1 /∈ pos+(I).

Lemma 7.26. If N Ec N1 and N Ec N2 then either N1 Ec N2 or N2 Ec N1.

Proof. By straightforward induction on the derivations given.

Lemma 7.27. Let

M = {(σ, implementation〈X〉 I 〈V 〉 [N
l
] . . . )

| dom(σ) = X, (∀i ∈ [l]) M?
i = nil or M?

i Ec σNi}

If M 6= ∅, M finite, and i ∈ disp(I) implies M?
i 6= nil for all i ∈ [l], then there exist (σ, impl) such

that minimplM = (σ, impl).

Proof. Assume

M = {(σ1, impl1), . . . , (σn, impln)}

(∀i ∈ [n]) impl i = implementation〈Xi〉 I 〈Vi〉 [Ni
l
] . . .

We then need to show that there exists some k ∈ [n] such that

(∀i ∈ [n]) σkNk
l
Ec σiNi

l

(The notation N
l
Ec M

l
is short for (∀i ∈ [l]) Ni Ec Mi.)

We proceed by induction on n.

• n = 1. Obvious because subtyping is reflexive.
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• n > 1. Assume

M ′ = {(σ1, impl1), . . . , (σn−1, impln−1)}

such that that M = M ′ ∪ {(σn, impln)}. By the I.H. we know that there exists k′ ∈ [n− 1]
such that

(∀i ∈ [n− 1]) σk′Nk′ Ec σiNi (63) {eq:IH::lemma:minimpl-exists}

Now consider impln. We partition [l] into [l] = L1 ∪̇L2 ∪̇L3 such that

(∀j ∈ L1) σnNnj Ec σk′Nk′j

(∀j ∈ L2) σnNnj 6Ec σk′Nk′j but σk′Nk′j Ec σnNnj

(∀j ∈ L3) σnNnj 6Ec σk′Nk′j and σk′Nk′j 6Ec σnNnj

(64) {eq:def-L123::lemma:minimpl-exists}

We first show that j ∈ L3 implies j /∈ disp(I). For the sake of a contradiction, assume
j ∈ L3 and j ∈ disp(I). Then M?

j 6= nil, so we have

M?
j Ec σnNnj

M?
j Ec σk′Nk′j

By Lemma 7.26 we then have either σnNnj Ec σk′Nk′j or σk′Nk′j Ec σNNnj . But this is a
contradiction to the definition of L3. Thus, we have shown that

j ∈ L3 implies j /∈ disp(I) (65) {eq:not-in-disp::lemma:minimpl-exists}

Next, we define for j ∈ L1 ∪L2 ∪L3:

Mj =


σnNnj if j ∈ L1

σk′Nk′j if j ∈ L2

σnNnj if j ∈ L3

(66) {eq:def-Mj::lemma:minimpl-exists}

We then have by definition of L1 and L2 that

(∀j ∈ L1 ∪L2) ∅ ` σnNnj u σk′Nk′j = Mj

Moreover, from (65) we have that j ∈ disp(I) implies j /∈ L3 which in turn implies j ∈
L1∪L2. Thus, criterion Wf-Prog-2 yields σnNnj = σk′Nk′j for all j /∈ disp(I), so we have
with (65) that

(∀j ∈ L3) σnNnj = σk′Nk′j (67) {eq:L3::lemma:minimpl-exists}

Thus, we have

∅ ` σnNn
l u σk′Nk′

l
= M

l

By criterion Wf-Prog-3 we get the existence of a definition

impl = implementation〈Y 〉 I 〈V ′〉 [M ′ ] . . .

and a substitution τ with dom(τ) = Y such that τM ′ = M . By construction of M , we know
that

(τ, impl) ∈ M (68) {eq:impl-in-M::lemma:minimpl-exists}
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Moreover, we have for all i ∈ [n− 1], j ∈ [l] = L1 ∪L2 ∪L3 that

τM ′
j = Mj

(66)
=


σnNnj

(64)

Ec σk′Nk′j

(63)

Ec σiNij if j ∈ L1

σk′Nk′j

(63)

Ec σiNij if j ∈ L2

σnNnj
(67)
= σk′Nk′j

(63)

Ec σiNij if j ∈ L3

Moreover, we have for all j ∈ [l] = L1 ∪L2 ∪L3

τM ′
j = Mj

(66)
=


σnNnj if j ∈ L1

σk′Nk′j

(64)

Ec σnNnj if j ∈ L2

σnNnj if j ∈ L3

Thus,

(∀i ∈ [n], j ∈ [l]) τM ′
j Ec σiNij

Finally, with (68) and rule min-mdef, we get

minimplM = (τ, impl)

Lemma 7.28. Let

M = {(σ, implementation〈X〉 I 〈V 〉 [N
l
] . . . )

| dom(σ) = X, (∀i ∈ [l]) Ni = Object or Mi Ec σNi}

If M 6= ∅ and M finite, then there exist (σ, impl) such that minimplM = (σ, impl).

Proof. Assume

M = {(σ1, impl1), . . . , (σn, impln)}

(∀i ∈ [n]) impl i = implementation〈Xi〉 I 〈Vi〉 [Ni
l
] . . .

Then we have for all i ∈ [n] and all j ∈ [l]:

Nij = Object or Mj Ec σiNij

Now define

L1 := {j ∈ [l] | there exists i ∈ [n],Mj Ec σiNij}
L2 := [l] \L1 = {j ∈ [l] | for all i ∈ [n], Nij = Object}

(∀j ∈ [l]) M ′
j =

{
Mj if j ∈ L1

Object if j ∈ L2

We now show for

M ′ = {(σ, implementation〈X〉 I 〈V 〉 [N
l
] . . . )

| dom(σ) = X, (∀i ∈ [l]) M ′
i Ec σNi}

that M = M ′. The claim then follows with Lemma 7.27.

• “M ⊆ M ′”. Assume (σ, impl) ∈ M , that is, (σ, impl) = (σi, impl i) for some i ∈ [n]. Then

(∀j ∈ [l]) M ′
j Ec σiNij

by construction of M ′
j . Then (σ, impl) ∈ M ′.
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• “M ⊇ M ′”. Assume (σ, impl) ∈ M ′ with

impl = implementation〈X〉 I 〈V 〉 [N
l
] . . .

Then (∀i ∈ [l]) M ′
i Ec σNi. Suppose j ∈ [l]. If M ′

j = Object then Nj = Object. Otherwise,
M ′

j = Mj , so Mj Ec σNj . Hence, (σ, impl) ∈ M .

Lemma 7.29. If ∆; Γ ` newN (e) : T then ∆ ` N ≤ T and ∆ ` N ok.

Proof. By Lemma 7.13 we have D :: ∆; Γ ` newN (e) : T ′ such that ∆ ` T ′ ≤ T and D does
not end with rule exp-subsume. Thus, D ends with rule exp-new. Inverting the rule yields T ′ = N
and ∆ ` N ok

Lemma 7.30. If ∆ ` N ≤ M then N Ec M

Proof. By Theorem 6.34 we have ∆ q̀ N ≤ M , so ∆ q̀
′ N ≤ M by Lemma 6.16. The claim

now follows with Lemma 6.11.

Lemma 7.31. If M1 Ec N and M2 Ec N then M1 tM2 Ec N .

Proof. By induction on the derivation of M1 Ec N .
Case distinction on the last rule of the derivation of M1 Ec N .

• Case rule ext-c-refl: Then M1 = N and M1 tM2 = M2, so the claim holds.

• Case rule ext-c-super: Then

class C 〈X〉 extends M ′
1 . . . [T/X]M ′

1 Ec N

C 〈T 〉 Ec N
ext-c-super

with M1 = C 〈T 〉. Applying the I.H. yields

[T/X]M ′
1 tM2 Ec N

The claim holds obviously if M1 Ec M2 or M2 Ec M1. Otherwise, we have

M1 tM2 = [T/X]M ′
1 tM2

by rule lub-super, so the claim also holds.

End case distinction on the last rule of the derivation of M1 Ec N .

Lemma 7.32. If Mi Ec N for all i ∈ [n] with n > 0, then
⊔
{M1, . . . ,Mn} Ec N .

Proof. We proceed by induction on n.

• n = 1. Then
⊔
{M1, . . . ,Mn} = M1 and the claim is obvious.

• n > 1. By the I.H. we know that⊔
{M1, . . . ,Mn−1} Ec N

By inverting rule lub-set-multi we get⊔
{M1, . . . ,Mn−1} tMn =

⊔
{M1, . . . ,Mn}

The claim now follows from the assumption Mn Ec N and Lemma 7.31.
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Definition 7.33 (Stuck on a bad cast). An expression e is stuck on a bad cast if and only if there
exists an evaluation context E, a class type N , and a value v = newM (w) such that e = E [(N) v]
and M 6Ec N .

Theorem 7.34 (Progress). If ∅; ∅ ` e : T then either e = v for some value v or e −→ e′ for some
e′ or e is stuck on a bad cast.

Proof. By induction on the derivation of ∅; ∅ ` e : T .
Case distinction on the last rule of the derivation of ∅; ∅ ` e : T .

• Case rule exp-var: Impossible.

• Case rule exp-field: Then

∅; ∅ ` e0 : C 〈T 〉 class C 〈X〉 extends N where P {U f . . . }
∅; ∅ ` e0.fj : [T/X]Uj

exp-field

with T = [T/X]Uj . Applying the I.H. to ∅; ∅ ` e0 : C 〈T 〉 leaves us with three cases:

1. e0 = v for some v. Then v = newD〈V 〉(v) and ∅ ` D〈V 〉 ≤ C 〈T 〉 by Lemma 7.13.
By Lemma 7.10 then D〈V 〉 Ec C 〈T 〉. By Lemma 7.23, there exists W and g such that
fields(D〈V 〉) = W g. By Lemma 7.21 and Lemma 7.22 we know that there exists a
unique i such that Wi gi = [T/X]Uj fj . Hence, v.fj −→ vi by rule dyn-field and rule
dyn-context.

2. e0 −→ e′0 for some e′0. It is easy to see that in this case also e0.fj −→ e′0.fj .

3. e0 is stuck on a bad cast. Then e0.fj is also stuck on a bad cast.

• Case rule exp-invoke: Then

∅; ∅ ` e0 : T0 mtype∅(m,T0) = 〈X〉U x → U where P

(∀i ∈ [n]) ∅; ∅ ` ei : [V/X]Ui ∅  [V/X]P ∅ ` V ok

∅; ∅ ` e0.m〈V 〉(en)︸ ︷︷ ︸
=e

: [V/X]U︸ ︷︷ ︸
=T

exp-invoke

(69) {eq:invoke-d::theorem:progress}

We now apply to I.H. to ∅; ∅ ` ei : Ti (for i = 0, . . . , n). This leaves us with three possibilities:

1. There exist v0, . . . , vn such that ei = vi for all i = 0, . . . , n. We deal with this case
shortly.

2. There exist some m < n and some v0, . . . , vm such that ei = vi for all i = 0, . . . ,m, and
em+1 −→ e′m+1. It is easy to see that in this case e also makes an evaluation step.

3. There exist some m < n and some v0, . . . , vm such that ei = vi for all i = 0, . . . ,m, and
em+1 is stuck on a bad cast. In this case, e is also stuck on a bad cast.

We now deal with the case that there exist v0, . . . , vn such that ei = vi for all i = 0, . . . , n.
Assume

ei = vi = newNi(wi) for i = 0, . . . , n (70) {eq:ei-vi::theorem:progress}

Define σ1 = [V/X]. By Lemma 7.13 and (69) we get

∅ ` N0 ≤ T0

(∀i ∈ [n]) ∅ ` Ni ≤ σ1Ui

Case distinction on the form of m.
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– Case m = mc: From (69) we get by inverting rule mtype-class that T0 = C 〈T 〉 with
C 6= Object. By Lemma 7.10 we have N0 Ec C 〈T 〉. Hence, with Lemma 7.20

getmdefc(m,N0) = 〈X ′〉U ′ x′ → U ′ where Q {e′′}

such that X and X ′ as well as U x and U ′ x′ have the same length. But then by rule
dyn-invoke-c

e0.m〈V 〉(en) −→ [e0/this, e/x′][V/X ′]e′′

– Case m = mi: Then we can invert rule mtype-iface and get

interface I 〈Z ′〉 [Zl
whereR] where P { . . . rcsig }

rcsigj = receiver {m : msig}
∅  T implements I 〈T ′′〉 mk = m Tj = T0

mtype∅(m,T0) = [T/Z, T ′′/Z ′]msigk︸ ︷︷ ︸
=〈Xp〉U x

n→U where P

mtype-iface

(71) {eq:invoke-d-p1::theorem:progress}

Define σ2 = [T/Z, T ′′/Z ′]. By Lemma 7.24, we get

implementation〈Z ′′〉 I 〈T ′′′〉 [M ] where Q . . . (72) {eq:impl-def::theorem:progress}

dom(σ3) = Z ′′

∅  σ3Q

T ′′ = σ3T ′′′

∅ ` N0 ≤ σ3Mj (73) {eq:N0-sub-Mj::theorem:progress}

j ∈ pos+(I) or ∅ ` Tj ≤ σ3Mj (74) {eq:Tj-sub-Mj::theorem:progress}
(∀i 6= j) ∅ ` Ti ≤ σ3Mi (75) {eq:Ti-sub-Mi::theorem:progress}

Assume

msigk = 〈X〉U ′ x → U ′ where P (76) {eq:invoke-d-p2::theorem:progress}

Suppose i ∈ [l]. Then define

M?
i =

{
contribZi(U ′, N) if i 6= j

contribZj (ZjU ′, N0N) otherwise
(77) {eq:def-Mi::theorem:progress}

Our goal is now to prove

(∀i ∈ [l]) M?
i = nil or M?

i Ec σ3Mi (78) {eq:goal1::theorem:progress}

Assume i ∈ [l] and M?
i 6= nil. We then show M?

i Ec σ3Mi. First, we define

Ci = {Np | p ∈ [n], U ′
p = Zi}

and show that Np Ec σ3Mi for all Np ∈ Ci. Assume Np ∈ Ci. Then p ∈ [n] and
U ′

p = Zi. Hence,

Up = σ2U
′
p = σ2Zi = Ti

From (69), we then have

∅; ∅ ` ep : σ1Ti
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W.l.o.g., X ∩ ftv(T ) = ∅, so σ1Ti = Ti. From (70) we have ep = newNp(wp). Thus,
with Lemma 7.29 we get

∅ ` Np ≤ Ti

If i = j then U ′
p = Zj , so j /∈ pos+(I). With (74) and (75) we thus have ∅ ` Ti ≤ σ3Mi.

Thus, by transitivity of subtyping ∅ ` Np ≤ σ3Mi, so with Lemma 7.30

Np Ec σ3Mi for all Np ∈ Ci (79) {eq:Np-sub-Mi::theorem:progress}

Now we show M?
i Ec σ3Mi depending on whether or not i = j.

∗ If i 6= j, then, by (77) and the definition of contrib

M?
i =

⊔
Ci

The claim follows from (79) and Lemma 7.32.
∗ If i = j, then, by (77) and the definition of contrib

M?
i =

⊔
({N0} ∪ Ci)

The claim follows from (79), (73), and Lemma 7.32.

This finishes the prove of (78)
We now define

M = {(σ4, implementation〈Z ′′′〉 I 〈W ′〉 [M ′ ] where Q′ . . . )
| dom(σ4) = Z ′′′, (∀i ∈ [l]) M?

i = nil or M?
i Ec σ4M

′
i}

(80) {eq:def-M::theorem:progress}

With (78) we have (σ3, impl) ∈ M where impl is the implementation definition from
(72). Clearly, M is also finite because a program has only finitely many implementation
definitions. Moreover, suppose i ∈ [l], i ∈ disp(I). Hence, either i = j or there exists
some argument type Ui′ with Ui′ = Zi. In any case, we have with (77) that M?

i 6= nil.
With Lemma 7.27 we then get that there exists (σ, impl ′) such that

minimplM = (σ, impl ′) (81) {eq:invoke-d-p3::theorem:progress}

Assume impl ′ = implementation . . . {. . . rcdef } Because the underlying program is
well-formed, it is easy to check that

rcdef j = receiver {mdef } (82) {eq:invoke-d-p4::theorem:progress}

mdef k = 〈X ′p〉U ′′ x′′
n → U ′′ where P ′ {e′′}

With (71), (76), (77), (80), (81), (82), and rule dyn-mdef-i, we get

getmdef i(m,N0, N) = σmdef k

Hence, with rule dyn-invoke-i and dyn-context

e0.m〈V 〉(en) −→ [e0/this, e/x′′][V/X ′]e′′

End case distinction on the form of m.

• Case rule exp-invoke-s: Then

smtype∅(m, I 〈V 〉[T ]) = 〈Xp〉U x
n → U where P (∀i) ∅; ∅ ` ei : [W/X]Ui

∅  [W/X]P 1 /∈ pos+(I) or (∃i) ∅  Ti mono ∅ ` T , W ok

∅; ∅ ` I 〈V 〉[T l
].m〈W 〉(e)︸ ︷︷ ︸
=e

: [V/X]U︸ ︷︷ ︸
=T

exp-invoke-s

(83) {eq:invoke-s::theorem:progress}
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We now apply the I.H. to ∅; ∅ ` ei : [W/X]Ui, for i = 1, . . . , n. As in the case for rule
exp-invoke, the only interesting case is the one where

(∀i) ei = vi = newNi(wi)

Define σ1 = [W/X]. With Lemma 7.29 we have

(∀i) ∅ ` Ni ≤ σ1Ui

Inverting rule mtype-static yields

interface I 〈Z ′l〉 [Z whereR] where Q {m : staticmsig . . . }
∅  T implements I 〈V 〉 m = mk

smtype∅(m, I 〈V 〉[T ]) = [V/Z ′, T/Z]︸ ︷︷ ︸
=σ2

msigk

mtype-static

Assume 1 ∈ pos+(I). By (83) we then have ∅  Tj mono for some j. Thus, with Lemma 7.12
we have Tj = M for some M . We now use Lemma 7.24 for the case 1 ∈ pos+(I) and
Lemma 7.25 for the case 1 /∈ pos+(I) and get

impl = implementation〈Y 〉 I 〈V ′〉 [N
l
] where Q′ . . .

dom(σ3) = Y

∅  σ3Q′

V = σ3V ′

(∀i ∈ [l]) ∅ ` Ti ≤ σ3Ni

With Lemma 7.10 we then get for all i ∈ [l]

Ni = Object or Ti = Mi for some Mi with Mi Ec σ3Ni

Now define

M = {(σ4, implementation〈Y ′〉 I 〈V ′′〉 [N ′l ] where Q′′ . . . )
| dom(σ4) = Y ′, (∀i ∈ [l]) N ′

i = Object or Ti Ec σ4Ni}

Clearly, (σ3, impl) ∈ M . Moreover, M is finite because programs contain only finitely many
implementation definitions. Hence, by Lemma 7.28 we know that there exists (σ, impl ′) such
that

minimplM = (σ, impl ′)

Suppose that staticmdef are the static methods of impl ′. Because the underlying program
is well-typed, we know that mdef k = 〈X ′p〉U ′ x′

n → U ′ where P ′ {e′′}. Hence, we have

getsmdef(m, I 〈V 〉[T ]) = σmdef k

by rule dyn-mdef-s and so

I 〈V 〉[T ].m〈W 〉(e) −→ [e/x′][W/X ′]e′′

by rule dyn-invoke-s and rule dyn-context.

• Case rule exp-new: Then e = newN (en) and (∀i) ∅; ∅ ` ei : Ti. Applying the I.H. yields
three possibilities:

– All ei are values. Then e is a value.
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– The first m expressions are values (m < n) and em+1 −→ e′m+1. Then e −→ newN (e1, . . . , em, e′m+1, em+2, . . . , en).

– The first m expressions are values (m < n) and and em+1 is stuck on a bad cast. Then
e is stuck on a bad cast as well.

• Case rule exp-cast: Then

∅ ` N ok ∅; ∅ ` e0 : T

∅; ∅ ` (N) e0 : N
exp-cast

with e = (N) e0. Applying the I.H. leaves us with three possibilities:

– e0 is a value. Then e0 = newM (v). If M Ec N then e −→ e0 by rules dyn-cast and
dyn-context. Otherwise, e is stuck on a bad cast.

– e0 −→ e′0. Then e −→ (N) e′0 by rule dyn-context.

– e0 is stuck on a bad cast. Then e is also stuck on a bad cast.

• Case rule exp-subsume: In this case, the claim follows directly from the I.H.

End case distinction on the last rule of the derivation of ∅; ∅ ` e : T .

Lemma 7.35. If fields(N) = T f and fields(N) = U g then T = U and f = g.

Proof. Straightforward induction on the derivation of fields(N) = T f .

Lemma 7.36. If N1 tN2 = M then Ni Ec M for i = 1, 2.

Proof. Straightforward induction on the derivation of N1 tN2 = M .

Lemma 7.37. If N ∈ N and M =
⊔

N then N Ec M .

Proof. Straightforward induction on the derivation of M =
⊔

N , making use of Lemma 7.36.

Lemma 7.38 (Well-formedness for subterms).

(i) If ∆ ` [U/X]T ok and X ∈ ftv(T ) then ∆ ` U ok.

(ii) If ∆ ` [U/X]P ok and X ∈ ftv(P) then ∆ ` U ok.

Proof. We prove both parts by routine inductions on the derivations given.

Lemma 7.39. If implementation〈X〉 I 〈V 〉 [N
l
] . . . and M?

i 6= nil for all i ∈ disp(I) and, for
all i ∈ [l] with M?

i 6= nil, ∆ ` M?
i ok and M?

i Ec [U/X]Ni, then ∆ ` U ok.

Proof. Suppose i ∈ [l] such that M?
i 6= nil. Then we get with Lemma 7.16 that ∆ `

[U/X]Ni ok. By Lemma 7.38 we then know that ∆ ` Uj ok for all j with Xj ∈ ftv(Ni). Moreover,
by criterion Wf-Impl-1 we have that X ⊆ ftv{Ni | i ∈ disp(I)}. Hence, ∆ ` U ok.

Lemma 7.40. If implementation〈X〉 I 〈V 〉 [N
l
] . . . and for all i ∈ [l] either Ni = Object or

Mi Ec [U/X]Ni for some Mi with ∅ ` Mi ok, then ∆ ` U ok.

Proof. The proof is similar to that of Lemma 7.39.

Lemma 7.41. If
⊔

N = M and ∆ ` N ok for some N ∈ N , then ∆ ` M ok.

Proof. From Lemma 7.37, we have N Ec M . Because ∆ ` N ok we then have ∆ ` M ok by
Lemma 7.16.
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Theorem 7.42 (Preservation for top-level evaluation). If ∅; ∅ ` e : T and e 7−→ e′ then ∅; ∅ ` e′ :
T .

Proof. By induction on the derivation of ∅; ∅ ` e : T .
Case distinction on the last rule of the derivation of ∅; ∅ ` e : T .

• Case rule exp-var: Impossible.

• Case rule exp-field: Then

∅; ∅ ` e0 : C 〈T 〉 class C 〈X〉 extends M where P {U f . . . }
∅; ∅ ` e0.fj : [T/X]Uj

exp-field

with T = [T/X]Uj and e = e0.fj . From e 7−→ e′ we get

e0 = newN (v)

fields(N) = V f ′

e′ = vi

f ′i = fj

We have by Lemma 7.13, inspection of the expression typing rules, Lemma 7.30, and
Lemma 7.35 that

∅; ∅ ` N ok fields(N) = V f ′ (∀i) ∅; ∅ ` vi : Vi

∅; ∅ ` newN (v) : N
exp-new

such that N Ec C 〈T 〉. From Lemma 7.21 we get Vi = [T/X]Uj , so ∅; ∅ ` e′ : T as required.

• Case rule exp-invoke: Then

∅; ∅ ` v0 : T0 mtype∅(m,T0) = 〈X〉U x → U where P

(∀i ∈ [n]) ∅; ∅ ` vi : [V/X]Ui ∅  [V/X]P ∅ ` V ok

∅; ∅ ` v0.m〈V 〉(vn)︸ ︷︷ ︸
=e

: [V/X]U︸ ︷︷ ︸
=T

exp-invoke

(84) {eq:exp-invoke-d::theorem:preservation-stepsto}

Case distinction on the rule used to reduce e.

– Case rule dyn-invoke-c: Then

v0 = newN (w)

getmdefc(m,N) = 〈X ′〉U ′ x′ → U ′ where P′ {e′′}

e′ = [v0/this, v/x][V/X ′]e′′

m = mc

By definition of mtype, we know that T0 = N ′ for some N ′. By Lemma 7.29 and
Lemma 7.30 we get

N Ec N ′

∅ ` N ok

We now get with Lemma 7.19 that

X = X ′

x = x′

∅; this : N,x : [V/X]U ` [V/X]e : [V/X]U

Possibly repeated applications of Lemma 7.8 yield

∅; ∅ ` e′ : T
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– Case rule dyn-invoke-i: Then m = mi and e′ = [v0/this, v/x][V/X]σ1e
′′ and

interface I 〈Z ′〉 [Zl
whereR] where Q′ { . . . rcsig }

rcsigj = receiver {m : msig} m = mk msigk = 〈X ′′〉W x′′ → W where Q

(∀i ∈ [l], i 6= j) contribZi
(W, N) = M?

i contribZj
(ZjW, N0N) = M?

j

(σ1, implementation〈Z ′′〉 I 〈W ′′〉 [M ′ ] where Q′′ { . . . rcdef }) = minimplM
rcdef j = receiver {mdef }

getmdef i(m,N0, N) = σ1mdef k

dyn-mdef-i
(85) {eq:getmdef-i::theorem:preservation-stepsto}

where

mdef k = 〈X ′〉U ′ x′ → U ′ where P ′ {e′′}
(∀i ∈ {0, . . . , n}) vi = newNi(wi) (86) {eq:def-vi::theorem:preservation-stepsto}

M = {(σ, implementation〈Z ′′〉 I 〈W ′′〉 [M ′ ] . . .)
| dom(σ) = Z ′′, (∀i ∈ [l]) M?

i = nil or M?
i Ec σM ′

i}

By definition of mtype and criterion Wf-Prog-1, we have from (84) that

interface I 〈Z ′〉 [Zl
whereR] where Q′ { . . . rcsig }

rcsigj = receiver {m : msig}
m = mk ∅  T implements I 〈T ′′〉 Tj = T0

mtype∅(m,T0) = [T ′′/Z ′, T/Z]msigk︸ ︷︷ ︸
=〈X〉U x→U where P

mtype-iface

(87) {eq:mtype::theorem:preservation-stepsto}

With σ2 = [T ′′/Z ′, T/Z] we then get

X = X ′′ (88) {eq:X=X’’::theorem:preservation-stepsto}

x = x′′ (89) {eq:x=x’’::theorem:preservation-stepsto}

σ2(W, W, Q) = U,U,P (90) {eq:wq=up::theorem:preservation-stepsto}

The underlying program is well-typed, so we have

Q′′, Z ′′; this : M ′
j ` rcdef j implements [W ′′/Z ′,M ′/Z]︸ ︷︷ ︸

=σ3

rcsigj

This especially implies

Q′′, Z ′′; this : M ′
j ` mdef k implements σ3msigk

which in turn implies

Q′′, Z ′′, P ′, X ′︸ ︷︷ ︸
=∆

` U ′, U ′, P ′ ok (91) {eq:def-delta::theorem:preservation-stepsto}

∆; this : M ′
j , x

′ : U ′︸ ︷︷ ︸
=Γ

` e′′ : U ′ (92) {eq:type-e’’::theorem:preservation-stepsto}

X ′ = X ′′ (93) {eq:X’=X’’::theorem:preservation-stepsto}

x′ = x′′ (94) {eq:x’=x’’::theorem:preservation-stepsto}

U ′ = σ3W (95) {eq:u’=w::theorem:preservation-stepsto}

P ′ = σ3Q (96) {eq:p’=q::theorem:preservation-stepsto}
∆ ` U ′ ≤ σ3W (97) {eq:U’-st-w::theorem:preservation-stepsto}

60



By (84) we get ∅; ∅ ` v0 : T0, so with (86) and Lemma 7.29:

∅ ` N0 ≤ T0 (98) {eq:N0-st-T0::theorem:preservation-stepsto}

Using (87) we get ∅  T implements I 〈T ′′〉 with Tj = T0. Applying Lemma 7.24 yields

impl = implementation〈Z3〉 I 〈W3〉 [M3 ] where Q3 { . . . rcdef ′ }
∅  σ4Q3 (99) {eq:entails-q3::theorem:preservation-stepsto}

dom(σ4) = Z3

T ′′ = σ4W3 (100) {eq:t’’=w3::theorem:preservation-stepsto}
∅ ` N0 ≤ σ4M3j (101) {eq:N0-st-M3j::theorem:preservation-stepsto}

if j /∈ pos+(I) then ∅ ` Tj ≤ σ4M3j with
Tj 6= σ4M3j implying j ∈ pos−(I) (102) {eq:impl1::theorem:preservation-stepsto}

(∀i 6= j) ∅ ` Ti ≤ σ4M3i with Ti 6= σ4M3i implying i ∈ pos−(I) (103) {eq:impl2::theorem:preservation-stepsto}

if j ∈ pos+(I) and j /∈ pos−(I) and Tj 6= σ4M3j then
T = Tj = J 〈W4〉 and J 〈W4〉 Ei I 〈W3〉 and 1 ∈ pos+(J)

(104) {eq:impl3::theorem:preservation-stepsto}

We now show that (σ4, impl) ∈ M . To do so, we prove that (∀i ∈ [l])M?
i = nil or

M?
i Ec σ4M3i. Suppose i ∈ [l] and assume M?

i 6= nil. By definition of M?
i in (85) and

by Lemma 7.32, it suffices to show that Np Ec σ4M3i for all p ∈ [n] with Wp = Zi,
and that N0 Ec σ4M3j . The latter follows directly from (101) and Lemma 7.30. Now
assume p ∈ [n] with Wp = Zi. Then

σ2Wp = Ti

From (84) we have ∅; ∅ ` vp : [V/X]Up, so with (90)

∅; ∅ ` vp : [V/X]Ti

W.l.o.g., X ∩ ftv(Ti) = ∅, so [V/X]Ti = Ti. Thus, with (86) and Lemma 7.29

∅ ` Np ≤ Ti

Because Wp = Zi, we have i /∈ pos+(I). Hence, we get from (102) and (103) that
∅ ` Ti ≤ σ4M3i. By transitivity of subtyping and Lemma 7.30 we then get Np Ec σ4M3i

as required. We now have established the fact that

(σ4, impl) ∈ M

From (85) and the definition of minimpl, we get that

(∀i ∈ [l]) σ1M
′
i Ec σ4M3i (105) {eq:M’=M3i::theorem:preservation-stepsto}

We then get from (99) and Criterion Wf-Prog-4 that

∅  σ1Q′′ (106) {eq:entails-subst1-q’’::theorem:preservation-stepsto}

By criterion Wf-Prog-2 we get σ1W ′′ = σ4W3, so with (100)

σ1W ′′ = T ′′ (107) {eq:w’’=t’’::theorem:preservation-stepsto}

By criterion Wf-Iface-4 we have Z ∩ ftv(Q) = ∅. Then ftv(Q) ⊆ Z ′ as the underlying
program is well-typed. W.l.o.g., Z ′′ ∩ ftv(Q) = ∅, so

σ1σ3Q = σ1[W ′′/Z ′]Q = [σ1W ′′/Z ′]Q = [T ′′/Z ′]Q = σ2Q
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From (84) and (90) we get ∅  [V/X]σ2Q. Thus,

∅  [V/X]σ1σ3Q (108) {eq:entails-q::theorem:preservation-stepsto}

We have v0 = newN0 (w0) by (86). By (85), the definition of contrib, and Lemma 7.37:
N0 Ec M?

j . Moreover, M?
j Ec σ1M

′
j by definition of M and minimpl. Then with

exp-subsume ∅; ∅ ` v0 : σ1M
′
j . We have ∅ ` V ok by (84) so ∅; ∅ ` [V/X]v0 : [V/X]σ1M

′
j

by Lemma 7.7. W.l.o.g., X ∩ ftv(v0) = ∅, so

∅; ∅ ` v0 : [V/X]σ1M
′
j (109) {eq:v0-Mj’::theorem:preservation-stepsto}

Next, we prove that ∅; ∅ ` vi : [V/X]σ1U
′
i for all i ∈ [n]. Assume i ∈ [n]. By

criterion Wf-Iface-4 we have either Z∩ftv(Wi) = ∅ or Wi ∈ Z. Because the underlying
program is well-typed, we have ftv(Wi) ⊆ {Z, Z ′}. W.l.o.g., Z ′′ ∩ ftv(Wi) = ∅.
∗ Assume Z ∩ ftv(Wi) = ∅. Then

σ1σ3Wi = σ1[W ′′/Z ′]Wi = [σ1W ′′/Z ′]Wi
(107)
= [T ′′/Z ′]Wi = σ2Wi

Hence,

Ui
(90)
= σ2Wi = σ1σ3Wi

(95)
= σ1U

′
i

From (84) we have ∅; ∅ ` vi : [V/X]Ui. Thus, ∅; ∅ ` vi : [V/X]σ1U
′
i .

∗ Assume Wi = Zk for some k ∈ [l]. We have vi = newNi(wi) by (86). By (85),
the definition of contrib, and Lemma 7.37: M?

k 6= nil and Ni Ec M?
k . Moreover,

M?
k Ec σ1M

′
k by definition of M . By rule exp-new, Lemma 6.2, Lemma 7.18, and

rule exp-subsume we then have ∅; ∅ ` vi : σ1M
′
k. We also have

σ1M
′
k = σ1σ3Zk = σ1σ3Wi

(95)
= σ1U

′
i

We have ∅ ` V ok by (84) so ∅; ∅ ` [V/X]vi : [V/X]σ1U
′
i by Lemma 7.7. W.l.o.g.,

X ∩ ftv(v0) = ∅, so ∅; ∅ ` vi : [V/X]σ1U
′
i .

This finishes the proof of

(∀i ∈ [n]) ∅; ∅ ` vi : [V/X]σ1U
′
i (110) {eq:vi-Ui::theorem:preservation-stepsto}

Next, we prove ∅ ` σ1σ3W ≤ σ2W . Note that ftv(W ) ⊆ {Z, Z ′} because the underlying
program is well-typed. W.l.o.g., Z ′′ ∩ ftv(W ) = ∅.
Case distinction on whether or not Z ∩ ftv(W ) = ∅.
∗ Case Z ∩ ftv(W ) = ∅: Then

σ1σ3W = σ1[W ′′/Z ′]W = [σ1W ′′/Z ′]W
(107)
= [T ′′/Z ′]W = σ2W

By reflexivity of subtyping then

∅ ` σ1σ3W ≤ σ2W

∗ Case Z ∩ ftv(W ) 6= ∅: By criterion Wf-Iface-4 then W = Zk for some k ∈ [l].
Then

k /∈ pos−(I) (111) {eq:k-not-minus::theorem:preservation-stepsto}
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We first concentrate on the case where k 6= j or j /∈ pos+(I) or σ4M3k = Tk. Then
we have

σ1σ3W = σ1σ3Zk = σ1M
′
k

(105)

Ec σ4M3k
(102) or (103) or assumption

= Tk

def. of σ2= σ2Zk = σ2W

Thus, we get

∅ ` σ1σ3W ≤ σ2W

by Lemma 7.18.
Now we consider the case k = j and j ∈ pos+(I) and σ4M3k 6= Tk. From (104) we
get

j = k = l = 1 (112) {eq:jk1::theorem:preservation-stepsto}

T = Tj = J 〈W4〉 (113) {eq:Tj=IW4::theorem:preservation-stepsto}

J 〈W4〉 Ei I 〈W3〉 (114) {eq:J-sub-I::theorem:preservation-stepsto}

1 ∈ pos+(J) (115) {eq:pos+J::theorem:preservation-stepsto}

With (98) and (87) we then get ∅ ` N0 ≤ J 〈W4〉. Applying Lemma 7.10 yields

implementation〈Z4〉 J 〈W ′
4〉 [N ′

0 ] where Q4 . . . (116) {eq:implJW4::theorem:preservation-stepsto}

dom(τ) = Z4

∅  τQ4 (117) {eq:entailsQ4::theorem:preservation-stepsto}

τW ′
4 = W4 (118) {eq:W4=W4::theorem:preservation-stepsto}

N0 Ec τN ′
0 (119) {eq:N0-extends-N0’::theorem:preservation-stepsto}

With (114) and Lemma 6.26 we get

τN ′
0 implements I 〈W3〉 ∈ sup(τN ′

0 implements J 〈W4〉)

With Lemma 6.25 and (118) we get the existence of N ′′
0 and I 〈W ′

3〉 such that

N ′′
0 implements I 〈W ′

3〉 ∈ sup(N ′
0 implements J 〈W ′

4〉)
τN ′′

0 = τN ′
0 (120) {eq:N0’’=N0’::theorem:preservation-stepsto}

τI 〈W ′
3〉 = I 〈W3〉

Now by criterion Wf-Impl-2, (111), and (112)

impl ′ = implementation〈Z5〉 I 〈W ′′
3 〉 [N ′′′

0 ] . . .

dom(τ ′) = Z5

N ′′
0 = τ ′N ′′′

0 (121) {eq:N0’’=N0’’’::theorem:preservation-stepsto}

I 〈W ′
3〉 = τ ′I 〈W ′′

3 〉

With (120) we then get τN ′
0 = ττ ′N ′′′

0 . Hence, with (119)

N0 Ec ττ ′N ′′′
0

From (115) it is easy to see that Zj /∈ ftv(W ). Thus, from (85) and the definition
of contrib, we have M?

j = N0. With (112) and the definition of M we then have

(ττ ′, impl ′) ∈ M
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From (85) and the definition of minimpl we then have

σ1M
′
j Ec ττ ′N ′′′

0

From (116), (117), (118), and rule ent-impl, we have ∅  τN ′
0 implements J 〈W4〉.

Hence, with rule sub-impl then ∅ ` τN ′
0 ≤ J 〈W4〉. With (120) and (121): τN ′

0 =
ττ ′N ′′′

0 , and with (113): J 〈W4〉 = Tj . With Lemma 7.18, transitivity of subtyping,
and (112) we then have

∅ ` σ1M
′
k ≤ Tk

Moreover, we have

σ1σ3W = σ1σ3Zk = σ1M
′
k

Tk
def. of σ2= σ2Zk = σ2W

Thus, we get

∅ ` σ1σ3W ≤ σ2W

End case distinction on whether or not Z ∩ ftv(W ) = ∅.
We now have proved ∅ ` σ1σ3W ≤ σ2W . Using Lemma 7.1 we conclude

∅ ` [V/X]σ1σ3W ≤ [V/X]σ2W (122) {eq:W-sub-W::theorem:preservation-stepsto}

W.l.o.g., ftv(σ1Q′′) ∩X = ∅, so with (106): ∅  [V/X]σ1Q′′. From (108) and (96) we
get ∅  [V/X]σ1P ′. Hence, with (91):

∅  [V/X]σ1∆ (123) {eq:entails-tenv::theorem:preservation-stepsto}

Assume σ1 = [V ′/Z ′′]. W.l.o.g., ftv(V ′) ∩X = ∅. With (88) and (93) then [V/X]σ1 =
[V/X ′, V ′/Z ′′]. Hence, with (91):

dom(∆) \ dom([V/X]σ1) = ∅

From (84) we have ∅ ` V ok. From Lemma 7.29, (84), and (86) we get ∅ ` Ni ok
for all i = 0, . . . , n. By definition of contrib and Lemma 7.41 we then get ∅ ` M?

i ok
unless M?

i = nil. Moreover, by definition of contrib and disp, we get M?
i 6= nil for all

i ∈ disp(I). Hence, with (85), the definition of M , and Lemma 7.39 we get ∅ ` σ1X ok
for all X ∈ dom(σ1). Thus,

∅ ` [V/X]σ1Z for all Z ∈ dom([V/X]σ1)

We now get with (92) and Lemma 7.7 that

∅; [V/X]σ1Γ ` [V/X]σ1e
′′ : [V/X]σ1U

′

We have with (89), (94), and (92) that Γ = this : M ′
j , x : U ′. Thus, with (109), (110),

and repeated applications of Lemma 7.8, we get

∅; ∅ ` [v0/this, v/x][V/X]σ1e
′′︸ ︷︷ ︸

=e′

: [V/X]σ1U
′

To finish this case, we still need to show that ∅ ` [V/X]σ1U
′ ≤ T . (The claim then

follows with rule exp-subsume.) From (97) we get with (123) and Lemma 7.1 that

∅ ` [V/X]σ1U
′ ≤ [V/X]σ1σ3W
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Moreover, with (122) and transitivity of subtyping we then get

∅ ` [V/X]σ1U
′ ≤ [V/X]σ2W

Ultimately, we have

[V/X]σ2W
(90)
= [V/X]U

(84)
= T

– Case other rules: Impossible.

End case distinction on the rule used to reduce e.

• Case rule exp-invoke-s: Then

smtype∅(m, I 〈W 〉[T ]) = 〈X〉U x → U where P (∀i) ∅; ∅ ` ei : [V/X]Ui

∅  [V/X]P 1 /∈ pos+(I) or (∃i) ∅  Ti mono ∅ ` T , V ok

∅; ∅ ` I 〈W 〉[T ].m〈V 〉(e)︸ ︷︷ ︸
=e

: [V/X]U︸ ︷︷ ︸
=T

exp-invoke-s

(124) {eq:invoke-s::theorem:preservation-stepsto}

Expanding the definition of smtype yields:

interface I 〈Y ′〉 [Y whereR] where Q′ {m : staticmsig . . . }
∅  T implements I 〈W 〉 m = mk

smtype∅(m, I 〈W 〉[T ]) = [W/Y ′, T/Y ]msigk︸ ︷︷ ︸
=〈X〉U x→U where P

mtype-static

(125) {eq:smtype::theorem:preservation-stepsto}

Define σ2 = [W/Y ′, T/Y ] and assume

msigk = 〈X ′′〉U ′′ x′′ → U ′′ where P

Then

X ′′ = X (126) {eq:X’’=X::theorem:preservation-stepsto}

x′′ = x (127) {eq:x’’=x::theorem:preservation-stepsto}

σ2(U ′′, U ′′, P ) = (U,U,P) (128) {eq:subst2-eq::theorem:preservation-stepsto}

By looking at the form of e, we see that e 7−→ e′ must have been performed by rule
dyn-invoke-s. Thus,

getsmdef(m, I 〈W 〉, T ) = 〈X ′〉U ′ x′ → U ′ where P′ {e′′}
I 〈W 〉[T ].m〈V 〉(v) 7−→ [v/x][V/X]e′′︸ ︷︷ ︸

=e′

dyn-invoke-s

(129) {eq:dyn-invoke-s::theorem:preservation-stepsto}
v = e (130) {eq:v=e::theorem:preservation-stepsto}

Expanding the definition of getsmdef yields together with criterion Wf-Iface-1 that

interface I 〈Y ′〉 [Y whereR] where Q′ {m : staticmsig . . . } m = mk

(σ1, implementation〈Z〉 I 〈W ′〉 [N ′l ] where Q { staticmdef . . . }) = minimplM

getsmdef(m, I 〈W 〉, T l
) = σ1mdef k︸ ︷︷ ︸

=〈X′〉U ′ x′→U ′ where P′ {e′′}

dyn-mdef-s

(131) {eq:getsmdef::theorem:preservation-stepsto}

where

M = {(σ, implementation〈X〉 I 〈U〉 [N
l
] . . . )

| dom(σ) = X, (∀i ∈ [l]) Ni = Object or Ti Ec σNi}
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Assume

mdef k = 〈X ′〉U ′′′ x′ → U ′′′ where P ′ {e′′′}

Then

σ1(U ′′′, U ′′′, P ′, e′′′) = U ′, U ′,P′, e′′ (132) {eq:subst1-eq::theorem:preservation-stepsto}

Because the underlying program is well-typed, we have by inverting rule ok-impl and crite-
rion Wf-Iface-1

Q,Z; ∅ ` mdef k implements [W ′/Y ′, Y/N ′]︸ ︷︷ ︸
=σ3

msigk

We then have

Q,Z, P ′, X ′︸ ︷︷ ︸
=∆

` U ′′′, U ′′′, P ′ ok (133) {eq:def-tenv::theorem:preservation-stepsto}

∆; x′ : U ′′′︸ ︷︷ ︸
=Γ

` e′′′ : U ′′′ (134) {eq:type-e’’’::theorem:preservation-stepsto}

X ′ = X ′′ (135) {eq:X’=X’’2::theorem:preservation-stepsto}

U ′′′ = σ3U ′′ (136) {eq:U’’’=U’’::theorem:preservation-stepsto}

x′ = x′′ (137) {eq:x’=x’’2::theorem:preservation-stepsto}

P ′ = σ3P (138) {eq:P’=P::theorem:preservation-stepsto}
∆ ` U ′′′ ≤ σ3U

′′ (139) {eq:U’’’-st-U’’::theorem:preservation-stepsto}

From (124) and (125) we have ∅  T implements I 〈W 〉 and either 1 /∈ pos+(I) or there exists
some j with ∅  Tj mono. In the latter case, we have Tj = N for some N by Lemma 7.12. If
now 1 /∈ pos+(I) or j /∈ pos+(I) then we immediately see with Lemma 7.25 that

impl = implementation〈Z ′〉 I 〈W ′′〉 [N ′′ ] where Q′′ . . .

dom(σ4) = Z ′

∅  σ4Q′′ (140) {eq:entails-Q’’::theorem:preservation-stepsto}

W = σ4W ′′ (141) {eq:w=w’’::theorem:preservation-stepsto}

(∀i) ∅ ` Ti ≤ σ4N
′′
i with Ti 6= σ4N

′′
i implying i ∈ pos−(I) (142) {eq:Ti-st-Ni’’::theorem:preservation-stepsto}

On the other hand, assume j ∈ pos+(I) and Tj = N . Using Lemma 7.24, it is straightforward
to show all claims except that it is not obvious why Tj 6= σ4N

′′
j should imply j ∈ pos−(I).

For the sake of contradiction, assume Tj 6= σ4N
′′
j and j /∈ pos−(I). We also have j ∈ pos+(I),

so with Lemma 7.24(v), we get Tj = K for some K. But this is a contradiction to Tj = N .

With Lemma 7.10 and by looking at the definition of M , we see that

(σ4, impl) ∈ M (143) {eq:in-M::theorem:preservation-stepsto}

Thus, with (131) and the definition of minimpl:

(∀i) σ1N
′
i Ec σ4N

′′
i (144) {eq:N’-st-N’’::theorem:preservation-stepsto}

With (140) and criterion Wf-Prog-4 we get ∅  σ1Q. With Lemma 7.1 then

∅  [V/X]σ1Q (145) {eq:entails-Q::theorem:preservation-stepsto}
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From (143), (131), (144), and criterion Wf-Prog-2 we get σ4W ′′ = σ1W ′, so with (141)

W = σ1W ′ (146) {eq:w=w’::theorem:preservation-stepsto}

We get from criterion Wf-Iface-4 that Y ∩ ftv(P ) = ∅. W.l.o.g., dom(σ1) = Z ∩ ftv(P ) = ∅.
Hence,

σ2P = [W/Y ′]P
(146)
= [σ1W ′/Y ′]P = σ1[W ′/Y ′]P = σ1σ3P

From (124) we have ∅  [V/X]P and from (125) we have [V/X]P = [V/X]σ2P . Thus,
∅  [V/X]σ1σ3P , so with (138) ∅  [V/X]σ1P ′. With (145) and (133) then

∅  [V/X]σ1∆ (147) {eq:entails-tenv2::theorem:preservation-stepsto}

Next, we show that (∀i) ∅; ∅ ` vi : [V/X]σ1U
′′′
i . Assume some i. W.l.o.g., dom(σ1) =

Z ∩ ftv(U ′′
i ) = ∅.

Case distinction on whether or not Y ∩ ftv(U ′′
i ) = ∅.

– Case Y ∩ ftv(U ′′
i ) = ∅: Then

Ui
(128)
= σ2U

′′
i = [W/Y ′]U ′′

i

(146)
= [σ1W ′/Y ′]U ′′

i = σ1[W ′/Y ′]U ′′
i = σ1σ3U

′′
i

(136)
= σ1U

′′′
i

Using reflexivity of subtyping, we get

∅ ` Ui ≤ σ1U
′′′
i

– Case Y ∩ ftv(U ′′
i ) 6= ∅: By criterion Wf-Iface-4 we than have U ′′

i = Yj for some j ∈ [l].
Then

Ui
(128)
= σ2U

′′
i = σ2Yj = Tj

We also have

σ1N
′
j

def. of σ3= σ1σ3Yj = σ1σ3U
′′
i

(136)
= σ1U

′′′
i

By definition of M we have that either σ1N
′
j = Object or Tj Ec σ1N

′
j . In both cases,

using Lemma 7.18 if Tj Ec σ1N
′
j , we get

∅ ` Ui ≤ σ1U
′′′
i

End case distinction on whether or not Y ∩ ftv(U ′′
i ) = ∅.

In both cases, we have established that ∅ ` Ui ≤ σ1U
′′′
i . With Lemma 7.1 we get ∅ `

[V/X]Ui ≤ [V/X]σ1U
′′′
i . From (124) and (130) we have (∀i) ∅; ∅ ` vi : [V/X]Ui, so we get

with rule exp-subsume that

(∀i) ∅; ∅ ` vi : [V/X]σ1U
′′′
i (148) {eq:type-vi::theorem:preservation-stepsto}

Our next goal is to show that ∅ ` [V/X]σ1U
′′′ ≤ [V/X]U . W.l.o.g., dom(σ1) = Z∩ftv(U ′′) =

∅.
Case distinction on whether or not Y ∩ ftv(U ′′) = ∅.

– Case Y ∩ ftv(U ′′) = ∅: Then

U
(128)
= σ2U

′′ = [W/Y ′]U ′′ (146)
= [σ1W ′/Y ′]U ′′ = σ1[W ′/Y ′]U ′′ = σ1σ3U

′′

Hence,

∅ ` σ1σ3U
′′ ≤ U
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– Case Y ∩ ftv(U ′′) 6= ∅: By criterion Wf-Iface-4 we than have U ′′ = Yj for some j ∈ [l].
Moreover, j /∈ pos−(I). Then

σ1σ3U
′′ = σ1σ3Yj

def. of σ3= σ1N
′
j

(143),def. of minimpl

Ec σ4N
′′
j

(142)
= Ti = σ2Yj = σ2U

′′ (128)
= U

We then get with Lemma 7.18

∅ ` σ1σ3U
′′ ≤ U

End case distinction on whether or not Y ∩ ftv(U ′′) = ∅.
In both cases, we have shown ∅ ` σ1σ3U

′′ ≤ U so with Lemma 7.1

∅ ` [V/X]σ1σ3U
′′ ≤ [V/X]U

From (139), (147), and Lemma 7.1 we have

∅ ` [V/X]σ1U
′′′ ≤ [V/X]σ1σ3U

′′

With transitivity of subtyping, we then get

∅ ` [V/X]σ1U
′′′ ≤ [V/X]U (149) {eq:U’’’-st-U::theorem:preservation-stepsto}

Now we combine the various results. Assume σ1 = [V ′/Z] W.l.o.g., ftv(V ′) ∩ ftv(X) = ∅.
Thus, with (126) and (135) we have [V/X]σ1 = [V/X, V ′/Z]. With (133) then

dom(∆) \ dom([V/X]σ1) = ∅

From (124) we get ∅ ` T , V ok. With Lemma 7.40 and the definition of M we then get
∅ ` σ1X ok for all X ∈ dom(σ1). Thus,

∅ ` [V/X]σ1Z for all Z ∈ dom([V/X]σ1)

With (147), (134), and Lemma 7.7 we now get

∅; [V/X]σ1Γ ` [V/X]σ1e
′′′ : [V/X]σ1U

′′′

With (148), the definition of Γ, and possibly repeated applications of Lemma 7.8 we then
get

∅; ∅ ` [v/x][V/X]σ1e
′′′ : [V/X]σ1U

′′′

With (129) and (132) we get [v/x][V/X]σ1e
′′′ = e′. Thus, with (124), (149), and rule

exp-subsume we get

∅; ∅ ` e′ : T

as required.

• Case rule exp-new: Then e = newN (e). But this is a contradiction to e 7−→ e′.

• Case rule exp-cast: Then

∅ ` N ok ∅; ∅ ` e0 : T ′

∅; ∅ ` (N) e0 : N
exp-cast

with e = (N) e0 and T = N . The reduction step e 7−→ e′ must have been performed through
rule dyn-cast. Thus,

e′ = e0

e0 = newM (w)
M Ec N
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By Lemma 7.13 and a case analysis on the form of e0, we know that

∅; ∅ ` e0 : M

By Lemma 7.18 we have ∅ ` M ≤ T , so the claim ∅; ∅ ` e′ : T follows with rule exp-subsume.

• Case rule exp-subsume: In this case, the claim follows directly from the I.H. and rule
exp-subsume.

End case distinction on the last rule of the derivation of ∅; ∅ ` e : T .

Theorem 7.43 (Preservation). If ∅; ∅ ` e : T and e −→ e′ then ∅; ∅ ` e′ : T .

Proof. From e −→ e′ we get (by inverting rule dyn-context) the existence of an evaluation
context E and expressions e0, e

′
0 such that e = E [e0] and e0 7−→ e′0 and E [e′0] = e′. Hence, it suffices

to show the following claim:

If ∅; ∅ ` E [e] : T and e 7−→ e′ then ∅; ∅ ` E [e′] : T .

The proof of this claim is by induction on E . If E = [], then the claim holds by Theorem 7.42.
In all other cases, we first use Lemma 7.13 to obtain a derivation D for ∅; ∅ ` E [e] : T ′ such that
∅ ` T ′ ≤ T and D does not end with rule exp-subsume. Then the form of E uniquely determines
the last rule r used in D. In each case, the claim then follows by the I.H. and applications of rules
r and exp-subsume.

Definition 7.44 (Reflexive, transitive closure of evaluation relation). The relation −→∗ denotes
the reflexive, transitive closure of the evaluation relation −→.

Theorem 7.45 (Type soundness). If ∅; ∅ ` e : T then either

(i) e diverges, or

(ii) e −→∗ v for some value v such that ∅; ∅ ` v : T , or

(iii) e −→∗ e′ for some expression e such that e′ is stuck on a bad cast.

Proof. Assume that the evaluation of e terminates. (Otherwise, e diverges and we are done.)
Hence, there exists e′ such that e −→∗ e′ and there exists no e′′ such that e′ −→ e′′. With
Theorem 7.43 we get (by induction on the length of the evaluation sequence) that ∅; ∅ ` e′ : T .
Theorem 7.34 then gives us either that e′ = v for some value v or that e′ is stuck on a bad cast.

8 Determinacy of Evaluation

Lemma 8.1. If minimplM = (σ1, impl1) and minimplM = (σ2, impl2) then σ1 = σ2 and impl1 =
impl2.

Proof. Assume

impl1 = implementation〈X〉 I 〈T 〉 [M ] . . .

impl2 = implementation〈Y 〉 I 〈U〉 [N ] . . .

Then dom(σ1) = X, dom(σ2) = Y , and, by definition of minimpl, σ1M Ec σ2N and σ2N Ec σ1M .
(The notation N Ec M is short for (∀j) Nj Ec Mj .) The class graph is acyclic by criterion Wf-
Prog-5, so σ1M = σ2N . Criterion Wf-Prog-6 then yields impl1 = impl2. Hence, X = Y and
M = N . We have X ⊆ ftv(M) by criterion Wf-Impl-1, so with σ1M = σ2N also σ1 = σ2.

Lemma 8.2.
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(i) If getmdefc(m,N) = mdef and getmdefc(m,N) = mdef ′ then mdef = mdef ′.

(ii) If getmdefi(m,N, N) = mdef and getmdefi(m,N, N) = mdef ′ then mdef = mdef ′.

(iii) If getsmdef(m,K,N) = mdef and getsmdef(m,K,N) = mdef ′ then mdef = mdef ′.

Proof.

(i) It is easy to see that both derivations must end with the same rule. The claim now follows
with a routine rule induction.

(ii) We first prove that N1 t N2 = M and N1 t N2 = M ′ imply M = M ′. This proof is by
induction on the derivations of N1 t N2 = M and N1 t N2 = M ′. If both derivations end
with the same rule then the claim follows directly (rules lub-right and lub-left) or via the
I.H. (rule lub-super). Otherwise, one derivation ends with rule lub-right and the other
with rule lub-left. Then N1 Ec N2 and N2 Ec N1, so M = N2 = N1 = M ′ as the class
graph is acyclic by criterion Wf-Prog-5.

We then get that
⊔

N = M and
⊔

N = M ′ imply M = M ′. From this we have that
contribX(T , N) = M and contribX(T , N) = M ′ imply M = M ′.

The claim now follows with Lemma 8.1.

(iii) Follows with Lemma 8.1.

Lemma 8.3. If e 7−→ e′ and e 7−→ e′′ then e′ = e′′.

Proof. Case distinction on the form of e.

• Case e = x: Impossible.

• Case e = e0.f : Then both reductions are due to rule dyn-field. Hence, e0 = newN (v),
fields(N) = U f , f = fj , and e′ = vj . Clearly, fields is deterministic. Moreover, field
shadowing is not allowed, so f occurs exactly once in f . Thus, e′′ = vj = e′.

• Case e = e0.m〈T 〉(e): If m = mc then both reductions are due to rule dyn-invoke-c.
Otherwise, m = mi and both reductions are due to rule dyn-invoke-i. In any case, the claim
follows with Lemma 8.2.

• Case e = K[T ].m〈U〉(e): The claim follows directly from Lemma 8.2.

• Case e = newN (e): Impossible.

• Case e = (N) e0: Obvious.

End case distinction on the form of e.

Lemma 8.4. Assume E1[e1] = E2[e2]. If e1 7−→ e′1 and e2 7−→ e′2 then E1 = E2.

Proof. We prove the claim by induction on the combined size of E1 and E2. A case distinction
on the form of E1[e1] reveals that either E1 = � = E2 or that E1 and E2 are identical up to sub-
contexts E ′1 and E ′2 with E ′1[e1] = E ′2[e2]. (This follows from the fact that, for all values v, v 6= E [ẽ]
such that ẽ 7−→ ẽ′.) In the first case, the claim is immediate. In the second case, we get by the
I.H. that E ′1 = E ′2. But then also E1 = E2.

Theorem 8.5 (Deterministic evaluation). If e −→ e′ and e −→ e′′ then e′ = e′′.

Proof. By rule dyn-context, we have that e = E [ẽ], ẽ 7−→ ẽ′, e′ = E [ẽ′], and that e = E ′[ê],
ê 7−→ ê′, e′′ = E ′[ê′]. By Lemma 8.4 we get E = E ′, so we have ẽ = ê. By Lemma 8.3 we then get
ẽ′ = ê′. Hence, e′ = e′′.
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9 Equivalence of Quasi-algorithmic and Algorithmic Ver-
sions of Entailment and Subtyping

Definition 9.1 (Small derivations). A derivation D is small iff its direct subderivations are small
and all its proper subderivations end with a conclusion other then the conclusion of D.

Lemma 9.2. If D′ is a subderivation of a small derivation D, then D′ is also small.

Proof. By induction on the height of D. If D′ = D then the claim is immediate. Otherwise,
there exist a direct subderivation D′′ of D such that D′ is a subderivation of D′′. By Definition 9.1,
we know that D′′ is small. Applying the I.H. proves that D′ is small.

Notation 9.3.

• We write D :: J to denote that D is a derivation of judgment J .

• We write D; r :: J iff D :: J and D ends with an application of rule r.

• We write height(D) to denote the height of a derivation D.

Lemma 9.4. Let J be a judgment such that the inference rules defining J do not put restrictions
on properties of derivations for judgments in the premises or the conclusion of a rule. For example,
the following rule would not be allowed:

D :: J ′ height(D) = 1
J

Now suppose D ::J . Then there exists D̂ ::J such that D̂ is small and height(D̂) ≤ height(D).

Proof. By induction on the height of D. If D is already small then we are done. Assume D is
not small. Hence

D1 :: J1 . . . Dn :: Jn

D :: J
r

By applying the I.H. we get D′
i ::Ji for all i ∈ [n] whereby D′

i is small and height(D′
i) ≤ height(Di).

An application of rule r now yields D′ :: J such that height(D′) ≤ height(D). If D′ is small then
we are done. Otherwise, we have the following situation:

D′′ :: J
...

D :: J
r

with height(D′′) < height(D). We now apply the I.H. to D′′ :: J and get D′′′ :: J such that D′′′ is
small and height(D′′′) ≤ height(D′′) < height(D).

Definition 9.5 (Entailment goals). Let D be a derivation. The set of entailment goals occurring
in D is defined as follows:

goals(D) = {R | D contains a subderivation D′; ent-q-alg-impl :: ∆ q R}

Lemma 9.6. If D′ is a subderivation of D then goals(D′) ⊆ goals(D).

Proof. Obvious.

Lemma 9.7. Suppose D; ent-q-alg-impl ::∆ q R. If D is small and D′ is a proper subderivation
of D, then R /∈ goals(D′).
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Proof. Assume R ∈ goals(D′). Hence, there exists a subderivation D′′; ent-q-alg-impl :: ∆ q

R of D′. But this is a contradiction to D being small because D′′ is a proper subderivation of
D.

Lemma 9.8.

(i) If D1 ::∆ q P and D1 is small, then ∆; G ;β a P for all β and all G with goals(D1)∩G = ∅.

(ii) If D2 :: ∆ q
′ U implements I 〈V 〉 and D2 is small and ∆; β; I à T ↑ U , then ∆; G ;β a

T implements I 〈V 〉 for all G with goals(D2) ∩ G = ∅.

(iii) If D3 :: ∆ q̀ T ≤ U and D3 is small, then ∆; G à T ≤ U for all G with goals(D3)∩ G = ∅.

Proof. We proceed by induction on the combined height of D1, D2, and D3.

(i) Suppose G is a set of entailment goals such that goals(D1)∩G = ∅ and let β ∈ {false, true}.
Case distinction on the last rule used in D1.

• Case rule ent-q-alg-extends: We then have P = T extendsU . By inverting the rule,
we get D′

1 :: ∆ q̀ T ≤ U such that D′
1 is a subderivation of D1. From Lemma 9.2 we

know that D′
1 is small and Lemma 9.6 gives us goals(D′

1) ∩ G = ∅. Applying part (iii)
of the I.H. yields ∆;G à T ≤ U , so the claim follows with rule ent-alg-extends.

• Case rule ent-q-alg-up: We then have

(∀i) ∆ q̀
′ Ti ≤ Ui

(∀i) if Ti 6= Ui then i ∈ pos−(I) D′
1 :: ∆ q

′ U implements I 〈V 〉
D1 :: ∆ q T implements I 〈V 〉︸ ︷︷ ︸

=P

Thus, we have

∆; β; I à T ↑ U

by rule ent-alg-lift. Moreover, D1 is small so

D′
1 is small

by Lemma 9.2. Furthermore,

goals(D′
1) ∩ G = ∅

with Lemma 9.6 and goals(D1) ∩ G = ∅. Applying part (ii) of the I.H. now yields
∆; G ;β a P.

End case distinction on the last rule used in D1.

(ii) Case distinction on the last rule used in D2.

• Case rule ent-q-alg-env: We then have U implements I 〈V 〉 = G implements I 〈V 〉.
Inverting the rule yields R ∈ ∆ and G implements I 〈V 〉 ∈ sup(R). The claim now
follows with the assumption ∆;β; I à T ↑ G by rule ent-alg-env.

• Case rule ent-q-alg-impl: We have

implementation〈X〉 I 〈V ′〉 [N ] where P . . . ∆ q [W/X]P

D2 :: ∆ q
′ [W/X](N implements I 〈V ′〉)︸ ︷︷ ︸

=U implements I 〈V 〉 (150) {eq:init-deriv::lemma:completeness-alg-sub-entail-aux}
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Suppose D′
i ::∆ q [W/X]Pi, let G be a set of entailment goals such that goals(D2)∩G =

∅, and assume β ∈ {false, true}.
D2 is small by assumption, so

D′
i is small

with Lemma 9.2. Using Lemma 9.7 we get U implements I 〈V 〉 /∈ goals(D′
i). Moreover,

goals(D′
i) ⊆ goals(D2). Because goals(D2) ∩ G = ∅ we then have

goals(D′
i) ∩ (G ∪ {U implements I 〈V 〉}) = ∅

By part (i) of the I.H. we now get

∆; G ∪ {U implements I 〈V 〉}; false à [W/X]Pi (151) {eq:entails-pi::lemma:completeness-alg-sub-entail-aux}

Moreover, U implements I 〈V 〉 ∈ goals(D2) by Definition 9.5 and goals(D2) ∩ G = ∅ by
the assumption, so

U implements I 〈V 〉 /∈ G (152) {eq:notin-goalset::lemma:completeness-alg-sub-entail-aux}

Furthermore, U = [W/X]N from (150) and ∆;β; I à T ↑ U by the assumption; hence

∆; β; I à T ↑ [W/X]N (153) {eq:lift::lemma:completeness-alg-sub-entail-aux}

We conclude

[W/X]N implements I 〈V 〉 /∈ G from (152) and (150)
implementation〈X〉 I 〈V ′〉 [N ] where P . . . from (150)

∆; β; I à T ↑ [W/X]N from (153)
V = [W/X]V ′ from (150)

∆; G ∪ {[W/X]N implements I 〈V 〉}; false a [W/X]P from (151)
∆; G ;β a T implements I 〈V 〉

ent-alg-impl

• Case rule ent-q-alg-iface: We then have U = J 〈W 〉 such that

1 ∈ pos+(J) (154) {eq:pos-plus::lemma:completeness-alg-sub-entail-aux}

J 〈W 〉 Ei I 〈V 〉 (155) {eq:extends-iface::lemma:completeness-alg-sub-entail-aux}

With Lemma 6.20

1 ∈ pos+(I) (156) {eq:pos-plus-I::lemma:completeness-alg-sub-entail-aux}

With the assumption ∆;β; I à T ↑ U we get T = T for some T and

∆ à
′ T ≤ J 〈W 〉

β or T = J 〈W 〉 or 1 ∈ pos−(I) (157) {eq:3or::lemma:completeness-alg-sub-entail-aux}

With (155), rule ent-q-alg-iface, and Lemma 6.5 we get

∆ à
′ T ≤ I 〈V 〉 (158) {eq:t-sub-iv::lemma:completeness-alg-sub-entail-aux}

Case distinction on the form of T .

– Case T 6= J 〈W 〉: With (157) we get β or 1 ∈ pos−(I). With (158) and rule
ent-alg-lift we get ∆;β; I à T ↑ I 〈V 〉. With (156) and rule ent-alg-iface1 we
get ∆;G ;β a T implements I 〈V 〉.

– Case T = J 〈W 〉: The claim then follows with (154), (155), and rule ent-alg-iface2.
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End case distinction on the form of T .

End case distinction on the last rule used in D2.

(iii) Case distinction on the last rule used in D3.

• Case rule sub-q-alg-kernel: By inverting the rule, we get ∆ q̀
′ T ≤ U , so ∆ à

′ T ≤ U
by sub-alg-kernel-quasi, so ∆; G à T ≤ U by sub-alg-kernel.

• Case rule sub-q-alg-impl: We have U = I 〈V 〉 for some I 〈V 〉 such that

∆ q̀
′ T ≤ T ′ D′

3 :: ∆ q
′ T ′ implements I 〈V 〉

D3 :: ∆ q̀ T ≤ I 〈V 〉

By sub-alg-kernel-quasi we have ∆ à
′ T ≤ T ′, so

∆; true; I à T ↑ T ′

by rule ent-alg-lift. Because D3 is small, we get with Lemma 9.2 that

D′
3 is small

Moreover, by Lemma 9.6 goals(D′
3) ⊆ goals(D3), so with the assumption goals(D3)∩G =

∅ we have

goals(D′
3) ∩ G = ∅

Applying part (ii) of the I.H. now yields

∆; G ; true a T implements I 〈V 〉

so we get ∆;G à T ≤ I 〈V 〉 by rule sub-alg-impl.

End case distinction on the last rule used in D3.

Theorem 9.9 (Completeness of algorithmic entailment and subtyping).

(i) If D1 :: ∆ q P then ∆ a P

(ii) If D2 :: ∆ q
′ R then ∆ a R.

(iii) If D3 :: ∆ q̀ T ≤ U then ∆ à T ≤ U .

(iv) If D4 :: ∆ q̀
′ T ≤ U then ∆ à

′ T ≤ U .

Proof. By Lemma 9.4 we may safely assume that D1, D2, D3, and D4 are small.

(i) Follows from Lemma 9.8 and rule ent-alg-main.

(ii) With Lemma 6.4 we have ∆; false; I à T ↑ T for all I and all T . The claim now follows
from Lemma 9.8 and rule ent-alg-main.

(iii) Follows from Lemma 9.8 and rule sub-alg-main.

(iv) Follows directly with rule sub-alg-kernel-quasi.

Definition 9.10 (∆ q̀ T ↑ T ).
ent-q-alg-lift

(∀i) ∆ q̀
′ Ti ≤ Ui β or

(
(∀i) if Ti 6= Ui then i ∈ pos−(I)

)
∆; β; I q̀ T ↑ U
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Lemma 9.11. If ∆ q
′ U implements I 〈V 〉 and ∆; false; I q̀ T ↑ U then ∆ q T implements I 〈V 〉.

Proof. From the assumption ∆; false; I q̀ T ↑ U we get

(∀i) ∆ q̀
′ Ti ≤ Ui

(∀i) if Ti 6= Ui then i ∈ pos−(I)

The claim now follows with rule ent-q-alg-up.

Lemma 9.12.

(i) If ∆ à
′ T ≤ U then ∆ q̀

′ T ≤ U .

(ii) If ∆; β; I à T ↑ U then ∆; β; I q̀ T ↑ U

Proof. Obvious

Lemma 9.13.

(i) If D1 :: ∆; G ;β a T implements I 〈V 〉 then ∆ q
′ U implements I 〈V 〉 for some U with

∆; β; I q̀ T ↑ U .

(ii) If D2 :: ∆; G à T ≤ U then ∆ q̀ T ≤ U .

Proof. We proceed by induction on the combined height of D1 and D2.

(i) Case distinction on the last rule used in D1.

• Case ent-alg-extends: Impossible.

• Case ent-alg-env: Inverting the rule yields

R ∈ ∆

G implements I 〈V 〉 ∈ sup(R)

∆; β; I à T ↑ G

By Lemma 9.12 we get ∆; β; I q̀ T ↑ G. With rule ent-q-alg-env we have ∆ q
′

G implements I 〈V 〉. Defining U = G finishes this case.

• Case ent-alg-impl: Inverting the rule yields

implementation〈X〉 I 〈V ′〉 [N ] where P . . . (159) {eq:impl-def::lemma:soundness-alg-sub-entail-aux}

∆; β; I à T ↑ [W/X]N (160) {eq:lift::lemma:soundness-alg-sub-entail-aux}

V = [W/X]V ′

∆; G ∪ {[W/X]N implements I 〈V 〉}; false a [W/X]P (161) {eq:entails-mc::lemma:soundness-alg-sub-entail-aux}

Case distinction on the form of [W/X]Pi.

– Case [W/X]Pi = T ′ implements J 〈U ′〉: Assume Applying part (i) of the I.H. to
(161) gives us the existence of T ′′ such that

∆ q
′ T ′′ implements J 〈U ′〉

∆; false;J q̀ T ′ ↑ T ′′

With Lemma 9.11 we then have

∆ q T ′ implements J 〈U ′〉
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– Case [W/X]Pi = T ′ extendsU ′: Inverting the derivation in (161) yields

∆; G ∪ {[W/X]N implements I 〈V 〉} à T ′ ≤ U ′

Applying part (ii) of the I.H. yields ∆ q̀ T ′ ≤ U ′. Thus

∆ q T ′ extendsU ′

with rule ent-q-alg-extends.

End case distinction on the form of [W/X]Pi. Thus, we have

∆ q [W/X]P (162) {eq:q-entails-mc::lemma:soundness-alg-sub-entail-aux}

With (159), (162), and rule ent-q-alg-impl we get

∆ q
′ [W/X]N implements I 〈V 〉

Define U = [W/X]N ; then (160) finishes this case.

• Case ent-alg-iface1: We then have T = T for some T . Inverting the rule yields

∆; β; I à T ↑ I 〈V 〉
1 ∈ pos+(I)

By rule ent-q-alg-iface, we have ∆ q
′ I 〈V 〉 implements I 〈V 〉. Defining U = I 〈V 〉

finishes this case.

• Case ent-alg-iface2: Then T = J 〈W 〉 for some J 〈W 〉. Inverting the rule yields

1 ∈ pos+(J)

J 〈W 〉 Ei I 〈V 〉

The claim now follows directly with rule ent-alg-iface2.

End case distinction on the last rule used in D1.

(ii) Case distinction on the last rule used in D2.

• Case sub-alg-kernel: Inverting the rule yields ∆ à
′ T ≤ U . With Lemma 9.11

∆ q̀
′ T ≤ U , so the claim follows with rule sub-q-alg-kernel.

• Case sub-alg-impl: Then U = I 〈V 〉 for some I 〈V 〉. Inverting the rule yields

∆; G ; true a T implements I 〈V 〉

Applying part (i) of the I.H. gives us the existence of T ′ such that

∆ q
′ T ′ implements I 〈V 〉

∆; true; I q̀ T ↑ T ′

Thus, we have ∆ q̀
′ T ≤ T ′. Rule sub-q-alg-impl now proves the claim.

End case distinction on the last rule used in D2.

Theorem 9.14 (Soundness of algorithmic entailment and subtyping).

(i) If ∆ a P then ∆ q P.

(ii) If ∆ à T ≤ U then ∆ q̀ T ≤ U

Proof.
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(i) The derivation of ∆ a P ends with rule ent-alg-main. Inverting the rule yields

D :: ∆; ∅; false a P

Case distinction on the form of P.

• Case P = T extendsU : Then D ends with rule ent-alg-extends. Inverting the rule
yields ∆; ∅ à T ≤ U . By Lemma 9.13 we get ∆ q̀ T ≤ U , thus ∆ q P by rule
ent-q-alg-extends,

• Case P = T implements I 〈V 〉: Applying Lemma 9.13 to D yields the existence of U
such that

∆ q
′ U implements I 〈V 〉

∆; false; I q̀ T ↑ U

We then get ∆ q P by Lemma 9.11.

End case distinction on the form of P.

(ii) The derivation of ∆ à T ≤ U ends with rule sub-alg-main. Inverting the rule yields
∆; ∅ à T ≤ U . The claim now follows with Lemma 9.13.

10 Soundness, Completeness, and Termination of Entail-
ment and Subtyping Algorithms

Definition 10.1. A substitution σ is more general than a substitution σ′ iff there exists a substi-
tution τ such that σ′ = τσ. In this case, we write σ � σ′. If σ � σ′ and σ′ � σ, then we write
σ ∼ σ′.

Lemma 10.2. σ ∼ σ′ iff there exists a renaming τ such that σ = τσ′.

Proof. See, for example, [1].

Definition 10.3 (Unification modulo subtyping). A unification problem modulo subtyping is a
triple

U = (∆, X, {T1 ≤? U1, . . . Tn ≤? Un}) .

A solution of U is a substitution σ with dom(σ) ⊆ X such that ∆ q̀
′ σTi ≤ σUi for all i ∈ [n].

We write sol(U) for the set of all solutions of U. A most general solution of U is a solution σ such
that for any other solution σ′ it holds that σ � σ′. We say that U is well-formed iff ftv(∆)∩X = ∅
and Ti = Y (or Ui = Y ) implies Y /∈ X for any i ∈ [n].

Definition 10.4. The weight of a type T with respect to a type environment ∆, written weight∆(T ),
is defined as follows:

weight∆(X) = 1 + max({weight∆(T ) | X extendsT ∈ ∆})
weight∆(N) = 1
weight∆(K) = 1

(By convention, max(∅) = 0.) The definition of weight is proper (i.e., terminates) because ∆ is
contractive by criterion Wf-Tenv-2.

Theorem 10.5 (Termination of unify≤). unify≤(U) terminates for any U.
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Proof. We first show that the rewrite rules in Fig. 14 terminate. The depth of a type, written
depth(T ), is defined as follows:

depth(C 〈T 〉) = depth of C in the class hierarchy

depth(I 〈T 〉) = 1 + depth of I in the inheritance hierarchy
depth(X) = 0

We then define the measure of a unification problem modulo subtyping (∆, X, {T1 ≤? U1, . . . , Tn ≤?

Un}) as

(
n∑

i=1

weight∆(Ti),
n∑

i=1

depth(Ti)) ∈ N× N

It is easy to see that each transformation rule from Fig. 14 decreases this measure with respect to
the usual lexicographic ordering on N× N.

Termination of unify≤ now follows because unify= terminates.

In the following, we extend ∆=⇒ to unification problems module subtyping:

{Ti ≤? Ui}
∆=⇒ {T ′

i ≤? U ′
i}

(∆, X, {Ti ≤? Ui}) =⇒ (∆, X, {T ′
i ≤? U ′

i})

Lemma 10.6. If U is well-formed and U =⇒ U′ then U′ is well-formed.

Proof. Easy.

Lemma 10.7. If U is well-formed and U =⇒ U′ then sol(U) = sol(U′).

Proof. Easy, using Lemma 10.6.

Theorem 10.8 (Soundness of unify≤). If unify≤(U) = OK(σ) and U is well-formed, then σ is
an idempotent, most general solution of U.

Proof. Follows with Lemma 10.7.

Theorem 10.9 (Completeness of unify≤). If a well-formed unification problem modulo subtyping
U has a solution, then unify≤(U) 6= FAIL.

Proof. Follows with Lemma 10.7.

Theorem 10.10 (Soundness and completeness of entailment and subtyping algorithms).

• ∆ a P iff entails(∆,P) returns true.

• ∆; G ;β a P iff entailsAux(∆,G , β,P) returns true.

• ∆ à T ≤ U iff sub(∆, T, U) returns true.

• ∆; G à T ≤ U iff subAux(∆,G , T, U) returns true.

• ∆ à
′ T ≤ U iff sub’(∆, T, U) returns true.

• ∆; β; I à T ↑ U iff lift(∆, β, I, T , U) returns true.

Proof. Completeness (⇐) follows by straightforward induction on the combined sizes of the
given derivations. Soundness (⇒) follows by induction on the depth of the recursion. In the
proofs, we use Theorem 10.5, Theorem 10.8, and Theorem 10.9.
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Lemma 10.11 (Transitivity of cls). If T3 ⊆ cls∆(T2) and T2 ⊆ cls∆(T1) then T3 ⊆ cls∆(T1).

Proof. It suffices to show that T ∈ cls∆(T2) implies T ∈ cls∆(T1) for all T . The proof is by
induction on the derivation of T ∈ cls∆(T2).
Case distinction on the last rule used in the derivation of T ∈ cls∆(T2).

• Case cls-id: Then T ∈ T2, so T ∈ cls∆(T1) because T2 ⊆ cls∆(T1) by assumption.

• Case cls-up: Then

U ∈ cls∆(T2) ∆ à
′ U ≤ T

T ∈ cls∆(T2)

Applying the I.H. yields U ∈ cls∆(T1). The claim now follows with rule cls-up.

• Case cls-decomp: Then

B〈T 〉 ∈ cls∆(T2)
Ti ∈ cls∆(T2)

with T = Ti. Applying the I.H. yields B〈T 〉 ∈ cls∆(T1). The claim now follows with rule
cls-decomp.

End case distinction on the last rule used in the derivation of T ∈ cls∆(T2).

Definition 10.12 (Entailment candidates). The set of entailment candidates of a constraint P

with respect to a type environment ∆, written cand∆(P), is defined as the least set closed under
the following rules:

cand-cls
U ⊆ cls∆(T )

U implementsK ∈ cand∆(T implementsK)
cand-impl1

implementation〈X〉 I 〈V 〉 [N ] where P . . .
U ⊆ cls∆(T ) U ′ ⊆ cls∆(T ) Pi = W implementsL

U implements [U ′/X]L ∈ cand∆(T implementsK)
cand-impl2

implementation〈X〉 I 〈V 〉 [N ] where P . . .
U ∈ cls∆(T ) U ′ ⊆ cls∆(T ) Pi = W extendsW ′

U extends [U ′/X]W ′ ∈ cand∆(T implementsK)

cand-extends
P ∈ cand∆(T implementsK)

P ∈ cand∆(T extendsK)

Definition 10.13 (left). For a constraint P, we define left(P) as follows:

left(T implementsK) = T

left(T extendsU) = U

Lemma 10.14. If P ∈ cand∆(Q) then left(P) ⊆ cls∆(left(Q)).

Proof. Case distinction on the last rule used in the derivation of P ∈ cand∆(Q).

• Case cand-cls: Then P = U implementsK and Q = T implementsK with U ⊆ cls∆(T )
and the claim is immediate.

• Case cand-impl1: We then have

implementation〈X〉 I 〈V 〉 [N ] where P . . .
U ⊆ cls∆(T ) U ′ ⊆ cls∆(T ) Pi = W implementsL

U implements [U ′/X]L︸ ︷︷ ︸
=P

∈ cand∆(T implementsK︸ ︷︷ ︸
=Q

)

and the claim is immediate.
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• Case cand-impl2: The claim follows analogously to the preceding case.

• Case cand-extends: Then P = T extendsK and P′ ∈ cls∆(T implementsK). Because this
derivation cannot end with rule cand-extends, the claim follows with the same argumenta-
tion as in one of the three preceding cases.

End case distinction on the last rule used in the derivation of P ∈ cand∆(Q).

Lemma 10.15. If P ∈ cand∆(Q) then cand∆(P) ⊆ cand∆(Q).

Proof. We show that P′ ∈ cand∆(P) implies P′ ∈ cand∆(Q) for all P′.
Case distinction on the last rule used in the derivation of P′ ∈ cand∆(P).

• Case cand-cls: We then have

P′ = U implementsK

P = T implementsK

U ⊆ cls∆(T )

By Lemma 10.14 we have T ⊆ cls∆(left(Q)), so with Lemma 10.11

U ⊆ cls∆(left(Q)) (163) {eq:subset-left::lemma:cand-implies-subset}

Case distinction on the last rule in the derivation of P ∈ cls∆(Q).

– Case cand-cls: Then Q = V implementsK. With (163) we have U ⊆ cls∆(V ), so
P′ ∈ cls∆(Q) by rule cand-cls.

– Case cand-impl1: Then

implementation〈X〉 I 〈V ′〉 [N ] where P . . .
T ⊆ cls∆(V ) T ′ ⊆ cls∆(V ) Pi = W implementsK ′

T implements [T ′/X]K ′︸ ︷︷ ︸
=K

∈ cand∆(V implementsL︸ ︷︷ ︸
=Q

)

With (163) we have U ⊆ cls∆(V ), so P′ ∈ cls∆(Q) by rule cand-impl1.
– Case cand-impl2: Impossible because P is not an extends-constraint.
– Case cand-extends: Then Q = V extendsL and P ∈ cls∆(V implementsL). Because

this derivation cannot end with rule cand-extends, the claim follows with the same
argumentation as in one of the three preceding cases.

End case distinction on the last rule in the derivation of P ∈ cls∆(Q).

• Case cand-impl1: We then have

implementation〈X〉 I 〈V 〉 [N ] where P . . .
U ⊆ cls∆(T ) U ′ ⊆ cls∆(T ) Pi = W implementsL

U implements [U ′/X]L︸ ︷︷ ︸
=P′

∈ cand∆(T implementsK︸ ︷︷ ︸
=P

)

By Lemma 10.14 we have T ⊆ cls∆(left(Q)), so with Lemma 10.11

U ⊆ cls∆(left(Q)) (164) {eq:subset-left1::lemma:cand-implies-subset}

U ′ ⊆ cls∆(left(Q)) (165) {eq:subset-left2::lemma:cand-implies-subset}

If now Q = W ′ implementsL′ for some W ′ and L′, then the claim follows with rule cand-impl1.
Otherwise, Q = W ′ extendsW ′′. Because P ∈ cls∆(Q), we must have that W ′′ = L′ for some
L′. With rule cand-impl1, we have P′ ∈ cls∆(W ′ implementsL′), so the claim follows with
rule cand-extends.
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• Case cand-impl2: The claim follows analogously to the preceding case, replacing cand-impl1

with cand-impl2.

• Case cand-extends: Then P = T extendsK and P′ ∈ cls∆(T implementsK). Because this
derivation cannot end with rule cand-extends, the claim follows with the same argumenta-
tion as in one of the three preceding cases.

End case distinction on the last rule used in the derivation of P′ ∈ cand∆(P).

Lemma 10.16. If implementation〈X〉 I 〈V 〉 [N ] where P . . . and U ⊆ cls∆(T ) then [U/X]Pi ∈
cand∆(T implementsK) for all i.

Proof. Case distinction on the form of Ci.

• Case Pi = T ′ implementsK ′ for some T ′ and K ′: By criterion Wf-Impl-3 we have T ′ ⊆ X.
Hence, [U/X]T ′ ⊆ U ⊆ cls∆(T implementsK). Thus

implementation〈X〉 I 〈V 〉 [N ] where P . . .

[U/X]T ′ ⊆ cls∆(T ) U ⊆ cls∆(T ) Pi = T ′ implementsK ′

[U/X]Pi ∈ cand∆(T implementsK)
cand-impl1

• Case Pi = T ′ extendsT ′′: By criterion Wf-Impl-3 we have T ′ ∈ X. The claim now follows
analogously to the preceding case, replace rule cand-impl1 with cand-impl2.

End case distinction on the form of Ci.

Definition 10.17 (Call tree). The call tree of entailsAux(∆,G , β,P) is a root node labeled
entailsAux(∆,G , β,P) whose subtrees are the call trees of all the direct recursive calls of entailsAux
and subAux. The call tree of subAux(∆,G , T, U) is defined analogously.

Definition 10.18 (cache). We let cache(n) denote the set of goals cached at node n; that is,

cache(entailsAux(∆,G , β,P)) = G

cache(subAux(∆,G , T, U)) = G

Lemma 10.19. If n is a node in the call tree of entailsAux(∆,G , β,P) (or subAux(∆,G , T, U))
then cache(n) ⊆ G ∪ cand∆(P) (or cache(n) ⊆ G ∪ cand∆(T extendsU)).

Proof. We prove the following, stronger claim:

Suppose n is a node in the call tree of entailsAux(∆,G , β,P) (or subAux(∆,G , T, U)).
Define M = cand∆(P) (or M = cand∆(T extendsU)). Then cache(n) ⊆ G ∪M and
cand∆(n) ⊆ M .

(The notation cand∆(n) is defined as cand∆(entailsAux(∆,G , β,P)) = cand∆(P) and cand∆(subAux(∆,G , T, U)) =
cand∆(T extendsU).)

The proof is by induction on the depth of n. If n is the root node, then the claim is immediate.
Otherwise, n is the child of some node n′. Assume that the claim already holds for n′; that is,

cache(n′) ⊆ G ∪M (166) {eq:ih1::lemma:cache-subset-goalset+cand}
cand∆(n′) ⊆ M (167) {eq:ih2::lemma:cache-subset-goalset+cand}

Case distinction on the form of n′.

• Case n′ = entailsAux(∆′,G ′, β′,P′): It is obvious that the type environment ∆ remains
constant throughout the whole call tree; hence, we may safely assume that ∆′ = ∆.

Case distinction on the line number of the call site corresponding to n.
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– Case Line 5: Then cache(n) = cache(n′) and cand∆(n) = cand∆(n′), so the claim is
immediate.

– Case Line 22: We have

P′ = T
m
implements I 〈V 〉

implementation〈X〉 I 〈V ′〉 [N ] where P
n

. . .

lift(∆, β′, I, T , [U/X]N)

V = [U/X]V ′

[U/X]N implements I 〈V 〉 /∈ G ′

G0 = G ′ ∪ {[U/X]N implements I 〈V 〉}

and

n = entailsAux(∆,G0, false, [U/X]Pi)

for some i ∈ [n].
From lift(∆, β′, I, T , [U/X]N) we get with Theorem 10.10 that ∆ à

′ Tj ≤ [U/X]Nj

for all j ∈ [m], hence

[U/X]Nj ∈ cls∆(T ) (168) {eq:in-cls::lemma:cache-subset-goalset+cand}

for all j ∈ [m] by rule cls-up. With (168) and rule cand-cls we get

[U/X]N implements I 〈V 〉 ∈ cand∆(T implements I 〈V 〉)

By (167) we have cand∆(T implements I 〈V 〉) ⊆ M , so we get

[U/X]N implements I 〈V 〉 ∈ M

Hence

cache(n) = G ′ ∪ {[U/X]N implements I 〈V 〉}

= cache(n′) ∪ {[U/X]N implements I 〈V 〉}
(166)

⊆ G ∪M ∪ {[U/X]N implements I 〈V 〉}
= G ∪M

We still need to show cand∆(n) ⊆ M . By criterion Wf-Impl-1, we have X ⊆ ftv(N),
so for each Xk there exists some Nj such that Xk ∈ ftv(Nj). Thus, Uk is a subterm
of [U/X]Nj . With (168) and possibly repeated applications of rule cls-decomp, we get
Uk ∈ cls∆(T ). Thus

U ⊆ cls∆(T )

With Lemma 10.16

[U/X]Pi ∈ cand∆(T implements I 〈V 〉)

Lemma 10.15 now yields

cand∆([U/X]Pi) ⊆ cand∆(T implements I 〈V 〉)

From (167) we have cand∆(T implements I 〈V 〉) ⊆ M . Moreover, cand∆(n) = cand∆([U/X]Pi),
so cand∆([U/X]Pi) ⊆ M .
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End case distinction on the line number of the call site corresponding to n.

• Case n′ = subAux(∆′,G ′, T ′, U ′): Again, we may safely assume ∆ = ∆′. The call site
corresponding to n must be in ine 32. We then have

G ′ = G

U ′ = K for some K

n = entailsAux(∆,G , true, T ′ implementsK)

We get

cache(n) = G = cache(n′)
(166)

⊆ G ∪M

and

cand∆(n) = cand∆(T ′ implementsK)
by rule cand-extends

= cand∆(T ′ extendsK)

= cand∆(n′)
(167)

⊆ M

End case distinction on the form of n′.

Definition 10.20 (Size of types and constraints). The size of a type or constraint (size(T ) ∈ N+,
size(P) ∈ N+) is defined as follows:

size(X) = 1

size(C 〈T 〉) = 1 + size(T )

size(I 〈T 〉) = 1 + size(T )

size(T implementsK) = 1 + size(K) + size(T )
size(T extendsU) = 1 + size(T ) + size(U)

Thereby, the size of a sequence of types T is defined as size(T ) =
∑

i size(Ti).

Lemma 10.21. Suppose cls∆(T ) is finite for every finite T . Then cand∆(P) is finite for all P.

Proof. We show that for all P there exists a δ(P) ∈ N+ such that size(Q) ≤ δ(P) for all
Q ∈ cand∆(P). The original claim then follows immediately because the set of types of a certain
height is finite.

Let ρ ∈ N+ be a bound on the size of the constraints in the set P where

P = {Pi | implementation〈X〉 I 〈T 〉 [N ] where P
n

. . . , i ∈ [n]}

Let ϑ(P) ∈ N+ be a bound on the size of the types in cls∆(left(P)). (Note that ϑ(P) exists because
cls∆(left(P)) is finite by the assumption.) Define

δ(P) = ρ · ϑ(P) · size(P)

Now suppose Q ∈ cand∆(P).
Case distinction on the last rule in the derivation of Q ∈ cand∆(P).

• Case cand-cls: Then P = Y implementsK and Q = U implementsK with U ⊆ cls∆(T ).
Hence, size(Uj) ≤ ϑ(P) for all j and the following inequality holds:

size(Q) = 1 + size(U) + size(K)

≤ ϑ(P) + size(T ) · ϑ(P) + size(K) · ϑ(K)
= ϑ(P) · size(P)
≤ ϑ(P) · size(P) · ρ = δ(P)
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• Case cand-impl1: Then

implementation〈X〉 I 〈V 〉 [N ] where P . . .
U ⊆ cls∆(T ) U ′ ⊆ cls∆(T ) Pi = W implementsL

U implements [U ′/X]L︸ ︷︷ ︸
=Q

∈ cand∆(T implementsK︸ ︷︷ ︸
=P

)

We have size(Uj) ≤ ϑ(P) and size(U ′
k) ≤ ϑ(P) for all j, k. Moreover, size(Pi) ≤ ρ. Then the

following inequality holds:

size(Q) = 1 + size(U) + size([U ′/X]L)

≤ ϑ(P) + size(W ) · ϑ(P) + size(L) · ϑ(P)
= ϑ(P) · size(Pi)
≤ ϑ(P) · ρ · size(P) = δ(P)

• Case cand-impl2: Analogously to the preceding case.

• Case cand-extends: Then P = T extendsK and Q ∈ cls∆(T implementsK). Because this
derivation cannot end with rule cand-extends, the claim follows with the same argumenta-
tion as in one of the three preceding cases.

End case distinction on the last rule in the derivation of Q ∈ cand∆(P).

Theorem 10.22. The functions entails(∆,P), sub’(∆, T, U), and sub(∆, T, U) terminate for
all P, T , and U .

Proof. By well-formedness criteria Wf-Tenv-1, Wf-Tenv-2, and Wf-Tenv-3, we know
that ∆ is finite and contractive and that cls∆(T ) is finite for every finite T .

sub’ terminates The weight function from Definition 10.4 is extended to recursive calls of sub’
in the obvious way:

weight(sub’(∆, T, U) = weight∆(T ) + weight∆(U))

It is straightforward to verify that for each recursive call of sub’, the weight of the recursive
call is strictly smaller than the weight of the original call. Moreover, the algorithms for
checking class (Ec) and interface (Ei) inheritance terminate because the class and interface
hierarchy is acyclic by criterion Wf-Prog-5. Thus, sub’ terminates.

entails terminates To prove that entails(∆,P) terminates, we show that entailsAux(∆,G , β,P)
and subAux(∆,G , T, U) terminate for finite G . The claim then follows because entails(∆,P)
invokes entailsAux and subAux only with G = ∅.
For the sake of a contradiction, assume that a concrete invocation of entailsAux(∆,G , β,P)
or subAux(∆,G , T, U) diverges. It is easy to see that infinitely many calls of entailsAux or
subAux must cause divergence:

• There are only finitely many choices for R in line 10 because ∆ is finite.

• The algorithms for checking the relations R ∈ sup(R), i ∈ pos+(I), i ∈ pos−(I) and
K Ei K terminate because the interface graph is acyclic by criterion Wf-Prog-5.

• The function lift terminates because sub’ terminates as shown in the preceding case.

• The function unify≤ terminates by Theorem 10.5.
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Hence, there exists a call tree t of infinite size. We lead this to a contradiction by defining a
measure µ from call tree nodes into N×N that strictly decreases (with respect to the usual
lexicographic ordering on pairs) when moving from a node to any of its children.

Suppose the root node of t is entailsAux(∆,G , β,P) (or subAux(∆,G , T, U)) and define
M = cand∆(P) (or M = cand∆(T extendsU)). We have the assumption that cls∆(T ) is
finite for every finite T , so M is finite by Lemma 10.21. Because G is also finite, we now
may define

δ = |G |+ |M | ∈ N

We have by Lemma 10.19, cache(n) ⊆ G ∪M for all nodes n in t. Hence, (δ−|cache(n)|, i) ∈
N × N for all i ∈ N and all nodes n in t. We now define the measure µ on nodes in t as
follows:

µ(entailsAux(∆′,G ′, β′, T implementsK)) = (δ − |G ′|, 0) ∈ N× N
µ(entailsAux(∆′,G ′, β′, T extendsK)) = (δ − |G ′|, 2) ∈ N× N

µ(subAux(∆′,G ′, T, U)) = (δ − |G ′|, 1) ∈ N× N

Finally, we show that this measure strictly decreases when moving from a node to its children.
Assume n is a node in t with children n1, . . . , nn and suppose i ∈ [n].

Case distinction on the line number of the call site corresponding the ni.

• Case Line 5: We have n = entailsAux(∆,G , β, T extendsU), n = 1, and n1 =
subAux(∆,G , T, U). Hence,

µ(n1) = (δ − |G |, 1) < (δ − |G |, 2) = µ(n)

• Case Line 22: We have

n = entailsAux(∆,G , β, T implements I 〈V 〉)
G0 = G ∪ {σN implements I 〈V 〉}

σN implements I 〈V 〉 /∈ G

ni = entailsAux(∆,G0, false, σPi)

Thus, |G0| = |G |+ 1. Hence,

µ(ni) = (δ − |G0|, j) = (δ − |G | − 1, j) < (δ − |G |, 0) = µ(n)

for some j ∈ {0, 1, 2}.
• Case Line 32: We have n = subAux(∆,G , T, K), n = 1, and n1 = entailsAux(∆,G , true, T implementsK).

Thus

µ(n1) = (δ − |G |, 0) < (δ − |G |, 1) = µ(n)

End case distinction on the line number of the call site corresponding the ni.

sub terminates In the preceding case, we have shown that entailsAux(∆,G , β,P) and subAux(∆,G , T, U)
terminate for finite G . The claim follows immediately because sub(∆, T, U) invokes entailsAux
only with G = ∅ and does not invoke subAux at all.

85



11 Equivalence of Declarative and Algorithmic Versions of
Expression Typing

Lemma 11.1.

(i) ∆ ` T ok if and only if ∆ à T ok.

(ii) ∆ ` P ok if and only if ∆ à P ok.

Proof. Follows by straightforward induction on the combined size of the given derivations.
Note that ∆  P iff ∆ a P by Theorem 6.36, Theorem 6.34, Theorem 9.14, and Theorem 9.9.

From now on, we use the equivalences and implications of the following corollary implicitly.

Corollary 11.2.

∆ ` T ≤ U iff ∆ q̀ T ≤ U (Theorem 6.34, Theorem 6.36)
∆  P iff ∆ q P (Theorem 6.34, Theorem 6.36)

∆ q̀ T ≤ U iff ∆ à T ≤ U (Theorem 9.9, Theorem 9.14)
∆ q̀

′ T ≤ U iff ∆ à
′ T ≤ U (Rule sub-alg-kernel-quasi)

∆ q P iff ∆ a P (Theorem 9.9, Theorem 9.14)
∆ q̀ T ≤ G implies ∆ q̀

′ T ≤ G (Lemma 6.16)
∆ q̀

′ T ≤ U implies ∆ q̀ T ≤ U (Rule sub-q-alg-kernel)
∆ q

′ P implies ∆ q P (Lemma 6.19)
∆ ` T ok iff ∆ à T ok (Lemma 11.1)
∆ ` P ok iff ∆ à P ok (Lemma 11.1)

Lemma 11.3 (Soundness of entailment for nillable constraints). If ∆ ?
a T ? implements I 〈W ?〉 _

R then ∆ a R.

Proof. We first show that

∆; G ;β `?
a T ?

n
↑ U

n
_ V

n
implies ∆; G ;β à V

n ↑ U
n

(169) {eq:aux-lemma::lemma:soundness-nil-entail}

From ∆; G ;β `?
a T ?

n
↑ U

n
_ V

n
we get

(∀i) T ?
i = nil or ∆ à

′ T ?
i ≤ Ui

β or
(
(∀i) if T ?

i 6= Ui and T ?
i 6= nil then i ∈ pos−(I)

)
(∀i) if T ?

i = nil then Vi = Ui else Vi = T ?
i

Hence, (∀i) ∆ à
′ Vi ≤ Ui and (β or (if Vi 6= Ui then i ∈ pos−(I))). We then have by rule

ent-alg-lift that ∆;G ;β à V
n ↑ U

n
.

We now prove that D::∆;G ;β ?
a T ? implements I 〈W ?〉 _ R implies ∆;G ;β a R by induction

on D. The claim then follows with rule ent-alg-main.
Case distinction on the last rule used in D.

• Case Rule ent-nil-alg-env: Then

R ∈ ∆

G implements I 〈W 〉 ∈ sup(R)

∆; β; I `?
a T ? ↑ G _ T

(∀i) W ?
i ] Wi

with R = T implements I 〈W 〉. We then have by (169) that ∆; β; I à T ↑ G. The claim now
follows with rule ent-alg-env.
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• Case Rule ent-nil-alg-iface1: Then

∆; β; I à T ↑ I 〈W 〉
1 ∈ pos+(I)

(∀i) W ?
i ] Wi

with T ? = T and R = T implements I 〈W 〉. The claim follows from rule ent-alg-iface1.

• Case Rule ent-nil-alg-iface2: Then

1 ∈ pos+(J)

J 〈V 〉 Ei I 〈W 〉
(∀i) W ?

i ] Wi

with T ? = J 〈V 〉 and R = J 〈V 〉 implements I 〈W 〉. The claim follows from rule ent-alg-iface2.

• Case Rule ent-nil-alg-impl: Then

implementation〈X〉 I 〈V 〉 [N ] where P . . .

∆; β; I `?
a T ? ↑ [U/X]N _ T

(∀i) W ?
i ] [U/X]Vi

[U/X]N implements I 〈[U/X]V 〉 /∈ G

∆; G ∪ {[U/X]N implements I 〈[U/X]V 〉}; false a [U/X]P

with R = T implements I 〈[U/X]V 〉. From ∆;β; I `?
a T ? ↑ [U/X]N _ T we get with (169)

that ∆;β; I à T ↑ [U/X]N . The claim now follows with rule ent-alg-impl.

End case distinction on the last rule used in D.

Lemma 11.4. If I is a single-headed interface, then 1 ∈ disp(I).

Proof. The proof is by induction on the depth of I in the interface inheritance hierarchy. If
the depth is 0 then I’s definition has the form

interface I 〈X〉 [Y ] where R { . . . rcsig }

It is now easy to verify that 1 ∈ disp(I).
If the depth is n > 0 then I’s definition has the form

interface I 〈X〉 [Y whereR] where S { . . . rcsig }

with (∀i) Ri = Y implements Ji〈Ti〉 by criterion Wf-Iface-3 and the depth of each Ji is smaller
then n. By the I.H., we have (∀i) 1 ∈ disp(Ji). It is now easy to verify that 1 ∈ disp(I).

Lemma 11.5 (Completeness of entailment for nillable constraints). If ∆ a T implements I 〈V 〉
and T ? V ? ] T V and T ?

i 6= nil for i ∈ disp(I), then ∆ ?
a T ? implements I 〈V ?〉 _ U implements I 〈V 〉

such that ∆ à
′ Ti ≤ Ui for all i and Ui = Ti for those i with T ?

i 6= nil or i /∈ pos−(I).

Proof. We first show:

If T ?
n

] T
n

and ∆; false; I à T
n ↑ U

n
then ∆; false; I à T ?

n
↑ U

n
_ V

n

such that ∆ à
′ Ti ≤ Vi for all i and

Vi = Ti for those i with T ?
i 6= nil or i /∈ pos−(I). (170) {eq:lemma-aux::lemma:completeness-nil-entail}

Assume ∆;G ; false à T
n ↑ U

n
and T ?

n
] T

n
. By inverting rule ent-alg-lift, we get ∆ à

′ Ti ≤
Ui for all i and Ti = Ui for i /∈ pos−(I). By rule ent-nil-alg-lift, we have ∆;G ; false à T ?

n
↑

U
n

_ V
n

for some V . Now let i ∈ [n].
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• If T ?
i = nil then Vi = Ui. Hence, ∆ à Ti ≤ Vi. If additionally i /∈ pos−(I), then Vi = Ui = Ti.

• If T ?
i 6= nil then Vi = T ?

i . With T ?
i ] Ti then Vi = Ti.

This finishes the proof of (170).
We now show that D ::∆;G ; false a T implements I 〈V 〉 and T ? V ? ] T V and T ?

i 6= nil for i ∈
disp(i) imply ∆; G ; false ?

a T ? implements I 〈V ?〉 _ U implements I 〈V 〉 such that ∆ à
′ Ti ≤ Ui

for all i and Ui = Ti for those i with T ?
i 6= nil or i /∈ pos−(I). The claim then follows with rule

ent-nil-alg-main.
Case distinction on the last rule used in D.

• Case Rule ent-alg-env: Then

R ∈ ∆

G implements I 〈V 〉 ∈ sup(R)

∆; false; I à T ↑ G

By (170) we have ∆; G ;β `?
a T ? ↑ G _ U such that U has the desired properties. The claim

now follows by rule ent-nil-alg-env.

• Case Rule ent-alg-iface1: Then

∆; false; I à T ↑ I 〈V 〉
1 ∈ pos+(I)

with T = T . By Lemma 11.4, 1 ∈ disp(I). Hence, T ?
1 = T1 = T . We get with (170) that

∆; G ;β `?
a T ? ↑ I 〈V 〉 _ T . The claim now follows by rule ent-nil-alg-iface1.

• Case Rule ent-alg-iface2: Then

1 ∈ pos+(J)

J 〈W 〉 Ei I 〈V 〉

with T = J 〈W 〉. By Lemma 11.4, 1 ∈ disp(I). Hence, T ?
1 = T1 = J 〈W 〉. The claim now

follows by rule ent-nil-alg-iface2.

• Case Rule ent-alg-impl: Then

implementation〈X〉 I 〈V ′〉 [N ] where P . . .

∆; β; I à T ↑ [W/X]N

V = [W/X]V ′

[W/X]N implements I 〈V 〉 /∈ G

∆; G ∪ {[W/X]N implements I 〈V 〉}; false a [W/X]P

By (170), we have ∆;β; I `?
a T ? ↑ [W/X]N _ U such that U has the desired properties.

The claim now follows by rule ent-nil-alg-impl.

End case distinction on the last rule used in D.

Lemma 11.6. If ∆ ` T ≤ G1 and ∆ ` T ≤ G2 then ∆ ` G1 ≤ G2 or ∆ ` G2 ≤ G1.

Proof. We first note that ∆ ` T ≤ Gi implies ∆ q̀
′ T ≤ Gi by Corollary 11.2. If G1 = Object

or G2 = Object, then the claim is obvious. Thus, assume G1 6= Object and G2 6= Object.
Case distinction on the form of T .
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• Case T = X for some X: If G1 = X or G2 = X then the claim is obvious. Now assume
G1 6= X and G2 6= X. By Lemma 6.11 we have that

X extendsGi ∈+ ∆ (i = 1, 2) (171) {eq:inplus::lemma:multi-G-bounds-compat}

Define level : TvarName → N as follows. Let G = (V ,E ) be a directed graph with

V = {X ∈ TvarName | X extendsT ∈ ∆ or Y extendsX ∈ ∆}
E = {(X, Y ) | Y extendsX ∈ ∆}

∆ is contractive by criterion Wf-Tenv-2, so G is acyclic. Hence, there exists a topological
ordering X0, X1, . . . , Xn on V such that (Xi, Xj) ∈ E implies i < j. Then

level(X) =

{
i if X ∈ V and X = Xi

0 if X /∈ V

We have that

X extendsY ∈ ∆ implies level(X) > level(Y )

We now show that X extendsGi ∈+ ∆ for i = 1, 2 implies ∆ q̀
′ G1 ≤ G2 or ∆ q̀

′ G2 ≤ G1

by induction on level(X). Together with (171), this finishes the case “T = X”.

– level(X) = 0. Assume X extendsY ∈ ∆. Then 0 = level(X) > level(Y ) which is
impossible because level(Y ) ∈ N.
Hence, Gi = Ni for some Ni and X extendsGi ∈ ∆ (for i = 1, 2). The claim now
follows with criterion Wf-Tenv-4.

– level(X) = n > 0 and the claim holds for n′ < n.
Case distinction on the last rules in the derivations of X extendsGi ∈+ ∆.

∗ Case ∈+-direct / ∈+-direct: The claim follows with criterion Wf-Tenv-4.
∗ Case ∈+-step / ∈+-direct: Then

X extendsY ∈ ∆

Y extendsG1 ∈+ ∆ (172) {eq:1::lemma:multi-G-bounds-compat}
X extendsG2 ∈ ∆

By criterion Wf-Tenv-4 either ∆ ` Y ≤ G2 or ∆ ` G2 ≤ Y . By Corollary 11.2
either ∆ q̀

′ Y ≤ G2 or ∆ q̀
′ G2 ≤ Y .

· Suppose ∆ q̀
′ Y ≤ G2. If Y = G2 then ∆ ` G2 ≤ G1 by (172) and Lemma 6.9.

If Y 6= G2 then Y extendsG2 ∈+ ∆ by Lemma 6.11. Because level(Y ) <
level(X) we can use the I.H. on (172) and get the desired result.

· Suppose ∆ q̀
′ G2 ≤ Y . By Lemma 6.11, G2 = Z for some Z with either

Y = Z or Z extendsY ∈+ ∆. If Y = Z = G2 then ∆ ` G2 ≤ G1 by (172)
and Lemma 6.9. Otherwise, Z extendsG1 ∈+ ∆ by (172) and Lemma 6.8, so
∆ ` G2 ≤ G1 by Lemma 6.9.

∗ Case ∈+-direct / ∈+-step: Analogously to the preceding case.
∗ Case ∈+-step / ∈+-step: Then

X extendsY1 ∈ ∆

Y1 extendsG1 ∈+ ∆ (173) {eq:2::lemma:multi-G-bounds-compat}
X extendsY2 ∈ ∆

Y2 extendsG2 ∈+ ∆ (174) {eq:3::lemma:multi-G-bounds-compat}
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By criterion Wf-Tenv-4 either ∆ ` Y1 ≤ Y2 or ∆ ` Y2 ≤ Y1. We now consider the
case ∆ ` Y1 ≤ Y2, the proof for the other case is very similar. From ∆ ` Y1 ≤ Y2

we get ∆ q̀
′ Y1 ≤ Y2 by Corollary 11.2. With Lemma 6.11 either Y1 = Y2 or

Y1 extendsY2 ∈+ ∆. In the following, note that level(Yi) < level(X) for i = 1, 2.
· If Y1 = Y2 then the claim follows by applying the I.H. to (173) and (174).
· If Y1 extendsY2 ∈+ ∆, then we get by the (173) and the I.H. that either ∆ `

Y2 ≤ G1 or ∆ ` G1 ≤ Y2. In the latter case, we have with Y2 extendsG2 ∈+

∆, Lemma 6.9, and transitivity that ∆ ` G1 ≤ G2. If ∆ ` Y2 ≤ G1 then
∆ q̀

′ Y2 ≤ G1 by Corollary 11.2. With Lemma 6.11 either Y2 = G1 or
Y2 extendsG1 ∈+ ∆. In the former case, we get with (174) and Lemma 6.9
that ∆ ` G1 ≤ G2. In the latter case, the claim follows by applying the I.H. to
Y2 extendsG1 ∈+ ∆ and (174).

End case distinction on the last rules in the derivations of X extendsGi ∈+ ∆.

• Case T = N for some N or T = K for some K: Because ∆ q̀
′ T ≤ Gi and Gi 6= Object we

have with Lemma 6.11 that T = N and Gi = Ni (i = 1, 2). Hence, N Ec N1 and N Ec N2.
The claim now follows by Lemma 7.26.

End case distinction on the form of T .

Lemma 11.7 (Antisymmetry of kernel subtyping). If ∆ q̀
′ T ≤ U and ∆ q̀

′ U ≤ T then T = U .

Proof. We proceed by case distinction on the last rules of the two derivations. The only
combinations possible are:

sub-q-alg-obj / sub-q-alg-obj: Then T = Object = U .

sub-q-alg-obj / sub-q-alg-class or sub-q-alg-class / sub-q-alg-obj: Impossible because programs cannot define Object.

sub-q-alg-var-refl / sub-q-alg-var-refl: Then T = X = U for some X.

sub-q-alg-var / sub-q-alg-var: Then T = X, X extendsT ′ ∈ ∆, and U = Y , Y extendsU ′ ∈ ∆, and ∆ q̀
′ T ′ ≤ Y , ∆ q̀

′

U ′ ≤ X. By Lemma 6.11 then T ′ = Y ′, Y ′ extendsY ∈∗ ∆, and U ′ = X ′, X ′ extendsX ∈∗
∆. Hence, we have X extendsY ′ ∈ ∆, Y ′ extendsY ∈∗ ∆, Y extendsX ′ ∈ ∆, and
X ′ extendsX ∈∗ ∆. This is a contradiction because ∆ is contractive by criterion Wf-
Tenv-2.

sub-q-alg-class / sub-q-alg-class: Then T = N1, U = N2 with N1 Ec N2 and N2 Ec N1. Because the class graph is acyclic by
criterion Wf-Prog-5 we have N1 = N2.

sub-q-alg-iface / sub-q-alg-iface: Then T = K1, U = K2 with K1 Ei K2 and K2 Ei K1. Because the interface graph is acyclic
by criterion Wf-Prog-5 we have K1 = K2.

Lemma 11.8. If ∆ q̀
′ Object ≤ T then T = Object.

Proof. With rule sub-q-alg-obj, we have ∆ q̀
′ T ≤ Object. The claim now follows with

Lemma 11.7.

Lemma 11.9 (Existence of u). If ∆ ` T ≤ Gi for i = 1, 2 then there exists H with ∆ ` G1uG2 =
H.

Proof. With Lemma 11.6 we have either ∆ ` G1 ≤ G2 or ∆ ` G2 ≤ G1. With rule glb-left

or glb-right, respectively, we then have ∆ ` G1 uG2 = G1 or ∆ ` G1 uG2 = G2.

Lemma 11.10. If ∆ ` N1 uN2 = H then ∆′ ` N1 uN2 = H for any ∆′.

Proof. From ∆ ` N1 u N2 = H we have w.l.o.g. N1 Ec N2. Hence, ∆′ ` N1 ≤ N2, so the
claim holds.
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Lemma 11.11. If ∆  T implements I 〈U〉 and ∆  V implements I 〈W 〉 such that for all i ∈
disp(I) there exists T ′

i with ∆ à
′ T ′

i ≤ Ti and ∆ à
′ T ′

i ≤ Vi, then U = W and Tj = Vj for all
j /∈ disp(I) ∪ pos−(I).

Proof. Define P = ∆  T implements I 〈U〉 and Q = ∆  V implements I 〈W 〉. We first prove
the following auxiliary lemma:

If ∆ q
′ P and ∆ q

′ Q and for all i ∈ disp(I) there exists T ′
i with

∆ q̀
′ T ′

i ≤ Ti and ∆ q̀
′ T ′

i ≤ Vi, then U = W and Tj = Vj

for all j /∈ disp(I) ∪ pos−(I). (175) {eq:sublemma::lemma:entails-fixed}

The proof is by induction in the combined height of the derivations of ∆ q
′ P and ∆ q

′ Q. We
proceed by case analysis on the last rules of these derivations. The following table lists all possible
cases; cases marked with E can never occur because they put conflicting constraints on the form
of P and Q. The remaining cases are dealt with shortly.

∆ q
′ P

∆ q
′ Q

ent-q-alg-env ent-q-alg-impl ent-q-alg-iface

ent-q-alg-env (1) (2) E

ent-q-alg-impl (2) (3) E

ent-q-alg-iface E E (4)

For (1), (2), and (3) we have T = G and V = G′ for some G and G′. Hence, by Lemma 11.9:

for all i ∈ disp(I) exists Hi with ∆ ` Gi uG′
i = Hi (176) {eq:glb-ex::lemma:entails-fixed}

1. Then P ∈ sup(∆) and Q ∈ sup(∆). The claim now follows with criterion Wf-Tenv-7.

2. Then, w.l.o.g., P ∈ sup(∆) and Q = [U ′/X](N implements I 〈W ′〉) for some

implementation〈X〉 I 〈W ′〉 [N ] where P . . .

As in the preceding case, the claim follows with criterion Wf-Tenv-7.

3. Then

implementation〈X〉 I 〈U ′〉 [N ] where P . . .

implementation〈Y 〉 I 〈W ′〉 [M ] where Q . . .

such that P = σ(N implements I 〈U ′〉) with dom(σ) = X and Q = τ(M implements I 〈W ′〉)
with dom(τ) = Y . We have by (176) and Lemma 11.10 that

for all i ∈ disp(I) exists Hi with ∅ ` σNi u τMi = Hi

The claim now follows with criterion Wf-Prog-2.

4. Then T = J 〈U ′〉, 1 ∈ pos+(J), J 〈U ′〉 Ei I 〈U〉, and V = J ′〈W ′〉, 1 ∈ pos+(J ′), J ′〈W ′〉 Ei

I 〈W 〉. Because I is a single-headed interface, 1 ∈ disp(I) by Lemma 11.4. Hence,

∆ à
′ T ′

1 ≤ J 〈U ′〉
∆ à

′ T ′
1 ≤ J ′〈W ′〉

By Lemma 6.11 one of the following holds:

• T ′
1 = X and X extendsK ∈+ ∆ with K Ei J 〈U ′〉 and X extendsK ′ ∈+ ∆ with K ′ Ei

J ′〈W ′〉. With Lemma 6.9 and Lemma 6.5 then ∆ à
′ X ≤ I 〈U〉 and ∆ à

′ X ≤ I 〈W 〉.
Criterion Wf-Tenv-5 now yields U = W . as required.
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• T ′
1 = L with L Ei J 〈U ′〉 and L Ei J ′〈W ′〉. With Lemma 6.2 then L Ei I 〈U〉 and

L Ei I 〈W 〉. Hence, U = W by criterion Wf-Prog-7.

This finishes the proof of (175).
From ∆  P and ∆  Q we have ∆ q P and ∆ q Q. By Lemma 6.27 there exists T ′′ and V ′

such that for all i

∆ q̀
′ Ti ≤ T ′′

i

Ti = T ′′
i if i /∈ pos−(I)

∆ q
′ T ′′ implements I 〈U〉

∆ q̀
′ Vi ≤ V ′

i

Vi = V ′
i if i /∈ pos−(I)

∆ q
′ V ′ implements I 〈W 〉

With Lemma 6.5 then ∆ à
′ T ′

i ≤ T ′′
i and ∆ à

′ T ′
i ≤ V ′

i for all i ∈ disp(I). With (175) now
U = W and T ′′

i = V ′
i if i /∈ disp(I)∪ pos−(I). Assume i /∈ disp(I)∪ pos−(I). Then i /∈ pos−(I), so

Ti = T ′′
i and Vi = V ′

i . Hence, Ti = Vi for i /∈ disp(I) ∪ pos−(I).

Lemma 11.12 (Finiteness of set of kernel supertypes). The set {U | ∆ q̀
′ T ≤ U} is finite for

any T and ∆.

Proof. We prove that there exists a bound on the size of all types U ∈ {U | ∆ q̀
′ T ≤ U}.

Then, because the set of types of a certain size is finite, {U | ∆ q̀
′ T ≤ U} must be finite.

Let δ ∈ N be a bound on the size of ∆ and the program’s superclasses and superinterfaces.
That is,

• if P ∈ ∆ then size(P ) ≤ δ,

• if class C 〈X〉 extends N where P . . . then size(N) ≤ δ,

• if interface I 〈X〉 [Y whereR] . . . then size(R) ≤ δ.

Define the weight of a type as follows:

weight(X) = max{weight(T ) | X extendsT ∈ ∆}
weight(N) = size(N)
weight(K) = size(K)

(We use the convention that max∅ = 1.) The definition of weight is well-formed (i.e. terminating)
because ∆ is contractive by criterion Wf-Tenv-2. Moreover, weight(T ) ∈ N+ and weight(T ) ≥
size(T ) for all types T .

Define the level of a type as follows:

level(Object) = 1

level(C 〈T 〉) = n + 1 if class C 〈X〉 extends N . . . and level([T/X]N) = n

level(I 〈T 〉) = 1 if interface I 〈X〉 [Y ] . . .

level(I 〈T 〉) = n + 1 if interface I 〈X〉 [Y whereR] . . . ,
Ri = Vi implementsKi, and
n = maxi(level([T/X]Ki))

level(X) = max{level(T ) | X extendsT ∈ ∆}

The definition of level is well-formed (i.e., terminating) because the class and interface graph is
acyclic by criterion Wf-Prog-5. Moreover, level(T ) ∈ N+ for all types T . We now show that

∆ q̀
′ T ≤ U implies weight(U) ≤ δlevel(T ) · weight(T ) (177) {eq:weight-dec::lemma:finite-supertypes}

The proof of (177) is by induction on the derivation of ∆ q̀
′ T ≤ U .

Case distinction on the last rule used in the derivation of ∆ q̀
′ T ≤ U .
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• Case sub-q-alg-obj: Obvious.

• Case sub-q-alg-var-refl: Obvious.

• Case sub-q-alg-var: Then T = X and

X extendsT ′ ∈ ∆ ∆ q̀
′ T ′ ≤ U

∆ q̀
′ X ≤ U

By the I.H. weight(U) ≤ δlevel(T ′) · weight(T ′) ≤ δlevel(X) · weight(X).

• Case sub-q-alg-class: Then T = N , U = N ′, and N Ec N ′. We now show that

N Ec N ′ implies size(N ′) ≤ δlevel(N) · size(N) (178) {eq:size-dec-N::lemma:finite-supertypes}

We then have weight(N ′) = size(N ′) ≤ δlevel(N) · size(N) = δlevel(N) · weight(N) as required.
The proof of (178) is by induction on the derivation of N Ec N ′.

Case distinction on the last rule used in the derivation of N Ec N ′.

– Case ext-c-refl: Obvious.

– Case ext-c-super: Then N = C 〈T 〉 and

class C 〈X〉 extends M . . . [T/X]M Ec N ′

C 〈T 〉 Ec N ′

We have

size([T/X]M) ≤ size(M) + maxi(size(Ti)) · (size(M)− 1)
≤ size(M) + (size(N)− 1) · (size(M)− 1)
= size(N) · size(M)− size(N) + 1
≤ δ · size(N)

level(N) = level([T/X]M) + 1

Hence,

size(N ′)
I.H.
≤ δlevel([T/X]M) · size([T/X]M)

≤ δlevel([T/X]M) · δ · size(N) = δlevel(N) · size(N)

End case distinction on the last rule used in the derivation of N Ec N ′.

• Case sub-q-alg-iface: Hence, T = K, U = K ′, and K Ei K ′. Similar to the preceding case,
we show that K Ei K ′ implies size(K ′) ≤ δlevel(K) · size(K) by induction on the derivation
of K Ei K ′. The claim also follows analogously to the preceding case.

End case distinction on the last rule used in the derivation of ∆ q̀
′ T ≤ U .

Lemma 11.13. If T ∈ MUB∆(U ) then ∆ à
′ U ≤ T for all U ∈ U .

Proof. Obvious.

Lemma 11.14. Let T be a non-empty set of types. Suppose ∆ à
′ T ≤ V for all T ∈ T . Then

there exists a V ′ ∈ MUB∆(T ) such that ∆ à
′ V ′ ≤ V .
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Proof. We argue by contradiction. To do so, we construct an infinite chain U0, U1, U2, . . . such
that Ui 6= Uj for all i 6= j and ∆ à

′ T ≤ Ui for all T ∈ T and all i. Hence, because T 6= ∅, there
exists some T ∈ T such that the set {U | ∆ à

′ T ≤ U} is infinite. This is then a contradiction
to Lemma 11.12.

Here is how we construct the infinite chain U0, U1, U2, . . . :

• Assume V = U0 /∈ MUB∆(T ). (Otherwise, choose V ′ = U0 and we are done.) Hence, there
exists U1 6= U0 with ∆ à

′ T ≤ U1 for all T ∈ T and ∆ à
′ U1 ≤ U0.

• Assume U1 /∈ MUB∆(T ). (Otherwise, choose V ′ = U1 and we are done.) Hence, there exists
U2 6= U1 with ∆ à

′ T ≤ U2 for all T ∈ T and ∆ à
′ U2 ≤ U1.

• . . .

• Assume Ui /∈ MUB∆(T ). (Otherwise, choose V ′ = Ui and we are done.) Hence, there exists
Ui+1 6= Ui with ∆ à

′ T ≤ Ui+1 for all T ∈ T and ∆ à
′ Ui+1 ≤ Ui.

• . . .

From this construction we have:

∆ à
′ T ≤ Ui for all i ∈ N, T ∈ T

Ui 6= Ui+1 for all i ∈ N
∆ à

′ Ui+1 ≤ Ui for all i ∈ N

We still have to verify that Ui 6= Uj if i 6= j. Suppose i < j with Ui = Uj . Because subtyping is
transitive we have ∆ à

′ Uj ≤ Ui+1. Hence, ∆ à
′ Ui ≤ Ui+1. But we also have ∆ à

′ Ui+1 ≤ Ui.
With Lemma 11.7 now Ui = Ui+1 which is a contradiction.

If we choose V = Object in Lemma 11.14, then we get the following corollary:

Corollary 11.15. For any set of types T 6= ∅, MUB∆(T ) 6= ∅.

Lemma 11.16. Let T be a non-empty set of types. If G1 ∈ MUB∆(T ) and G2 ∈ MUB∆(T )
then G1 = G2.

Proof. Because T 6= ∅, there exists T ∈ T such that ∆ à
′ T ≤ Gi for i = 1, 2. By

Lemma 11.6 either ∆ à
′ G1 ≤ G2 or ∆ à

′ G2 ≤ G1. W.l.o.g. assume ∆ à
′ G1 ≤ G2. But

because G2 ∈ MUB∆(T ) we must have that G1 = G2.

Lemma 11.17. If bound∆(T ) = N then ∆ ` T ≤ N .

Proof. Obvious.

Lemma 11.18. If ∆ à
′ T ≤ N then bound∆(T ) = M with M Ec N .

Proof. Follows with a straightforward case distinction on the form of T .

Lemma 11.19.

(i) If N Ec N ′ then ftv(N ′) ⊆ ftv(N).

(ii) If K Ei K ′ then ftv(K ′) ⊆ ftv(K).

(iii) If ∆ q̀
′ T ≤ U then ftv(U) ⊆ ftv(∆, T ).

Proof. We prove all three parts by straightforward inductions on the given derivations.

Lemma 11.20 (Strengthening). Let ∆′ = ∆, X implementsK and ∆′′ = ∆, X.
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(i) If ∆′ ` T ok and X /∈ ftv(∆,K, T ) then ∆ ` T ok.

(ii) If ∆′ ` P ok and X /∈ ftv(∆,K,P) then ∆ ` P ok.

(iii) If ∆′′ ` T ok and X /∈ ftv(∆, T ) then ∆ ` T ok.

(iv) If ∆′′ ` P ok and X /∈ ftv(∆,P) then ∆ ` P ok.

Proof. We first prove:

(a) If D1 :: ∆′
q̀
′ V ≤ U then ∆ q̀

′ V ≤ U .

(b) If D2 :: ∆′ q
′ P and X /∈ ftv(∆,K,P) then ∆ q

′ P.

(c) If D3 :: ∆′
q̀ V ≤ U and X /∈ ftv(∆, V, U) then ∆ q̀ V ≤ U .

(d) If D4 :: ∆′ q P and X /∈ ftv(∆,K,P) then ∆ q P.

The proof of (a) is straightforward because kernel subtyping does not use implements constraints.
The proof of (b), (c), and (d) is by induction on the combined height of D2, D3, and D4.

(b) Case distinction on the last rule of the derivation of ∆′ q
′ P.

– Case rule ent-q-alg-env: Then R ∈ ∆′ and P ∈ sup(R). Assume R = X implementsK.
By Lemma 6.23 we have P = X implementsK ′. But this is a contradiction to the as-
sumption X /∈ ftv(P). Hence, R 6= X implementsK, so R ∈ ∆ and the claim follows
with ent-q-alg-env.

– Case rule ent-q-alg-impl: Then

implementation〈Y 〉 I 〈T 〉 [N ] where P . . . ∆′ q [U/Y ]P

∆′ q
′ [U/Y ](N implements I 〈T 〉)︸ ︷︷ ︸

=P

With criterion Wf-Impl-1 we have X ⊆ ftv(N). With X /∈ ftv(P) we then have X /∈
ftv(U). Hence, X /∈ ftv([U/X]P ). Applying part (d) of the I.H. yields ∆ q [U/X]P ,
so the claim follows with ent-q-alg-impl.

– Case rule ent-q-alg-iface: Obvious.

End case distinction on the last rule of the derivation of ∆′ q
′ P.

(c) If the last rule of D3 is sub-q-alg-kernel, then the claim follows by (a). Otherwise, we have

∆′
q̀
′ V ≤ W

∆′ q
′ W implementsL

with U = L. By (a) then ∆ q̀
′ V ≤ W . With Lemma 11.19 we have ftv(W ) ⊆ ftv(V,∆).

Hence, X /∈ ftv(W ). With part (b) of the I.H. we then have ∆ q
′ W implementsL. The

claim now follows with rule sub-q-alg-impl.

(d) Follows trivially from (a) and parts (b), (c) of the I.H.

Next, we prove:

If ∆′′ q P then ∆ q P (179) {eq:claim5::lemma:strengthening}

This claim holds trivially because constraint entailment does not use the type variable component
of ∆′′ at all.

Using (d) and (179), we easily show the original claim by an induction on the given derivations.
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Lemma 11.21 (Interface inheritance propagates well-formedness). If K Ei L and ∆ ` K ok then
∆ ` L ok

Proof. We proceed by induction on the derivation of K Ei L
Case distinction on the last rule of the derivation of K Ei L.

• Case rule ext-i-refl: Obvious.

• Case rule ext-i-super: Then

interface I 〈X〉 [Y whereR] where P . . . Ri = Y implementsK ′ [V/X]K ′ Ei L

∆ ` I 〈V 〉 ≤ L

with K = I 〈V 〉. We now prove that ∆ ` [V/X]K ′ ok. The original claim then follows by
the I.H.

Because ∆ ` K ok, we have

∆, Y implements I 〈V 〉, Y  [V/X]R,P

∆ ` V ok

with

Y /∈ ftv(V ,∆) (180) {eq:y-fresh::lemma:cache-subset-goalset+cand}

Lemma 7.2 gives us ∆, Y implements I 〈V 〉, Y ` V ok. The underlying program is well-typed,
so R,P ,X, Y ` Ri ok. Hence, with Lemma 7.3,

∆, Y implements I 〈V 〉, Y ` [V/X]Ri ok

Then ∆, Y implements I 〈V 〉, Y ` [V/X]K ′ ok. By criterion Wf-Iface-2, Y /∈ ftv(K ′).
With (180) and two applications of Lemma 11.20, we get ∆ ` [V/X]K ′ ok as required.

End case distinction on the last rule of the derivation of K Ei L.

Lemma 11.22 (Kernel subtyping propagates well-formedness). If ` ∆ ok and ∆ ` T ok and
∆ q̀

′ T ≤ U then ∆ ` U ok.

Proof. Straightforward induction on the derivation of ∆ q̀
′ T ≤ U , making use of Lemma 7.16

and Lemma 11.21.

Lemma 11.23 (sup propagates well-formedness). If ∆ ` R ok and S ∈ sup(R) then ∆ ` S ok.

Proof. We proceed by induction on the derivation of S ∈ sup(R). If this derivation ends with
rule sup-id, then the claim holds trivially. Otherwise, we have

interface I 〈X〉 [Y whereS] whereP . . . U implements I 〈V 〉 ∈ sup(R)

[V/X, U/Y ]Sj︸ ︷︷ ︸
=S

∈ sup(R)

By the I.H., we have ∆ ` U implements I 〈V 〉 ok. This derivation must end with rule ok-impl-constr.
Inverting the rule then yields

∆  [V/X, U/Y ]S, P

∆ ` U, V ok

The underlying program is well-typed, so we have S, P ,X, Y ` Sj ok. With Lemma 7.3 then
∆ ` S ok.
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Lemma 11.24 (Quasi-algorithmic entailment propagates well-formedness). Assume ` ∆ ok and
∆ ` T ok. If ∆ q T implements I 〈V 〉 then ∆ ` T implements I 〈V 〉 ok.

Proof. We have

ent-q-alg-up

(∀i) ∆ q̀
′ Ti ≤ Ui

(∀i) if Ti 6= Ui then i ∈ pos−(I) ∆ q
′ U implements I 〈V 〉

∆ q T implements I 〈V 〉

By Lemma 11.22

∆ ` U ok (181) {eq:u-ok::lemma:quasi-entail-ok}

Case distinction on the last rule of the derivation of ∆ q
′ U implements I 〈V 〉.

• Case rule ent-q-alg-env: Then R ∈ ∆ and U implements I 〈V 〉 ∈ sup(R). With ` ∆ ok we
have ∆ ` R ok. By Lemma 11.23 we have ∆ ` U implements I 〈V 〉 ok.

• Case rule ent-q-alg-impl: Then

implementation〈X〉 I 〈V ′〉 [N ] where P . . . ∆ q [W/X]P

∆ q [W/X](N implements I 〈V ′〉)︸ ︷︷ ︸
=U implements I 〈V 〉

Because the underlying program is well-typed, we have P ,X ` N implements I 〈V ′〉 ok.
Moreover, with (181) ∆ ` [W/X]N ok and by criterion Wf-Impl-1 X ⊆ ftv(N). Hence,
with Lemma 7.38, ∆ ` W ok. Thus, with Lemma 7.3, ∆ ` [W/X](N implements I 〈V ′〉) ok.

• Case rule ent-q-alg-iface: Then

ent-q-alg-iface
1 ∈ pos+(J) J 〈W 〉 Ei I 〈V 〉
∆ q

′ J 〈W 〉 implements I 〈V 〉︸ ︷︷ ︸
=U implements I 〈V 〉

From ∆ ` J 〈W 〉 ok and Lemma 11.21 we have

∆ ` I 〈V 〉 ok (182) {eq:1::lemma:quasi-entail-ok}

Assume

interface I 〈X〉 [Y whereR] whereP . . . (183) {eq:2::lemma:quasi-entail-ok}

From (182) then

∆, Y implements I 〈V 〉, Y  [V/X]R,P (184) {eq:3::lemma:quasi-entail-ok}

Y /∈ ftv(∆, V )

With ∆ q
′ J 〈W 〉 implements I 〈V 〉 we also have ∆  J 〈W 〉 implements I 〈V 〉 by Corol-

lary 11.2. Hence,

∆  [J 〈W 〉/Y ](∆, Y implements I 〈V 〉, Y )

Thus, with Corollary 6.29 applied on (184)

∆  [J 〈W 〉/Y ][V/X]R,P︸ ︷︷ ︸
=[J〈W 〉/Y,V/X]R,P

(185) {eq:4::lemma:quasi-entail-ok}

We then have with ∆ ` J 〈W 〉 ok, (182), (183), (185), and rule ok-impl-constr that

∆ ` J 〈W 〉 implements I 〈V 〉 ok
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End case distinction on the last rule of the derivation of ∆ q
′ U implements I 〈V 〉. Let

interface I 〈X〉 [Y whereR] whereP . . .

Because we just proved that ∆ ` U implements I 〈V 〉 ok, we have

∆ ` V ok

∆  [V/X, U/Y ]R,P

We now prove by induction on the number of indices i with Ti 6= Ui that ∆  [V/X, T/Y ]R,P .
The original claim then follows with rule ok-impl-constr.

• Assume there are no indices i with Ti 6= Ui. Then ∆  [V/X, T/Y ]R,P holds trivially.

• Assume i such that Ti 6= Ui. The I.H. then gives us that ∆  [V/X, T ′/Y ]R,P where

T ′
j =

{
Tj if i 6= j

Uj if i = j

From Ti 6= Ui we have i ∈ pos−(I). Hence Yi /∈ ftv(P ). Thus,

∆  [W/X, T/Y ]P

Now suppose Yi ∈ ftv(G implements J ′〈W ′〉) for some G implements J ′〈W ′〉 ∈ R. Then we have
with i ∈ pos−(I) and well-formedness criteria Wf-Iface-2 and Wf-Iface-3 that Yi /∈ ftv(W ′)
and that Yi ∈ ftv(Gj) implies Yi = Gj and j ∈ pos−(J ′). Hence, with ∆ à

′ Ti ≤ Ui and (possibly)
some applications of rule ent-up, we also get ∆  [W/X, T/Y ]R, as required.

Lemma 11.25. If ` ∆ ok and ∆ ` T ok and bound∆(T ) = N , then ∆ ` N ok.

Proof. Follows easily by case distinction on the rule used to derive bound∆(T ) = N . We use
Lemma 11.22 for the case bound-var.

Lemma 11.26. If ∆ ?
a T ? implements I 〈U?〉 _ T implements I 〈U〉 and T ?

i 6= nil then T ?
i = Ti.

Proof. Follows by straightforward induction on the given derivation.

Lemma 11.27. If ∆ à
′ X ≤ I 〈T 〉 then 1 ∈ pos−(I).

Proof. With ∆ à
′ X ≤ I 〈T 〉 also ∆ q̀

′ X ≤ I 〈T 〉. We then proceed by induction on the
derivation of ∆ q̀

′ X ≤ I 〈T 〉. The derivation must end with an application of rule sub-q-alg-var.
Hence, X extendsT ∈ ∆ and ∆ q̀

′ T ≤ I 〈T 〉.
Case distinction on the form of T .

• Case T = Y : The claim then follows from the I.H.

• Case T = N : Impossible by Lemma 6.11.

• Case T = J 〈U〉: Then J 〈U〉 Ei I 〈T 〉 by Lemma 6.11 and 1 ∈ pos−(J) by criterion Wf-
Tenv-6. The claim now follows with Lemma 6.20.

End case distinction on the form of T .

Definition 11.28 (` ∆ ok and ∆ ` Γ ok). A type environment ∆ is well-formed, written ` ∆ ok,
if and only if ∆ ` P ok for all P ∈ ∆. A value environment Γ is well-formed under the type
environment ∆, written ∆ ` Γ ok, if and only if ∆ ` T : ok for all x : T ∈ Γ.
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Lemma 11.29. Assume mtype∆(mc,C 〈W 〉) = 〈X〉U x
n → U where P and let σ be a substi-

tution with dom(σ) = X. Suppose ` ∆ ok and ∆ ` N ok. If N Ec C 〈W 〉 and ∆  σP, then
a-mtypec(m,N) = 〈X〉U x

n → U ′ where P such that ∆ ` σU ′ ≤ σU .

Proof. From mtype∆(mc,C 〈W 〉) = 〈X〉U x
n → U where P we get

class C 〈Y 〉 extends M where Q { . . . m : msig {e} }
mj = mc

〈X〉U x
n → U where P = [W/Y ]msigj (186) {eq:def-msig-j::lemma:mtype-class-complete}

Case distinction on the last rule in the derivation of N Ec C 〈W 〉.

• Case ext-c-refl: Then N = C 〈W 〉, so the claim follows with rule alg-mtype-direct and
reflexivity of subtyping.

• Case ext-c-super: Then N = D〈V 〉 and

class D〈Z〉 extends M ′ where Q′ { . . . m′ : msig ′ {e′} } [V/Z]M ′ Ec C 〈W 〉
D〈V 〉 Ec C 〈W 〉

Clearly, D〈V 〉 Ec [V/Z]M ′, so we get with ∆ ` N ok and Lemma 7.16 that ∆ ` [V/Z]M ′ ok.

Case distinction on whether or not m ∈ m′.

– Case m /∈ m′: The claim then follows from the I.H. and rule alg-mtype-super.

– Case m ∈ m′: Assume m = m′
i. Because the underlying program is well-typed, we

have

Q′, Z ` m′
i : msig ′i {e′i} ok inD〈Z〉

Hence,

override-okQ′,Z(m′
i : msig ′i,D〈Z〉)

With D〈V 〉 Ec C 〈W 〉 and Lemma 7.14 there exists W ′ such that

D〈Z〉 Ec C 〈W ′〉

[V/Z]W ′ = W (187) {eq:subst-vz::lemma:mtype-class-complete}

By inverting rule ok-override

Q′, Z ` msig ′i ≤ [W ′/Y ]msigj

Assume

msig ′i = 〈X ′′′〉U ′′′ x′′′ → U ′′′ where P ′′′

msigj = 〈X ′′〉U ′′ x′′ → U ′′ where P ′′

Then by rule sub-msig

X ′′′ = X ′′

U ′′′ = [W ′/Y ]U ′′

x′′′ = x′′

P ′′′ = [W ′/Y ]P ′′ (188) {eq:p’’’::lemma:mtype-class-complete}

Q′, Z, P ′′′, X ′′′ ` U ′′′ ≤ [W ′/Y ]U ′′ (189) {eq:sub::lemma:mtype-class-complete}
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From (186)

X ′′ = X

[W/Y ]U ′′ = U

x′′ = x

[W/Y ]U ′′ = U

[W/Y ]P ′′ = P

Moreover, we have with (187) and the fact that Z ∩ ftv(U ′′, U ′′, P ′′) = ∅

[V/Z][W ′/Y ](U ′′, U ′′, P ′′) = [W/Y ](U ′′, U ′′, P ′′) = (U,U,P) (190) {eq:eqs::lemma:mtype-class-complete}

Hence, we have with rule alg-mtype-direct

a-mtypec(m,D〈V 〉) = [V/Z]msig ′i
= [V/Z](〈X ′′′〉U ′′′ x′′′ → U ′′′ where P ′′′)

= [V/Z](〈X〉 [W ′/Y ]U ′′ x → U ′′′ where [W ′/Y ]P ′′)

= 〈X〉 [W/Y ]U ′′ x → [V/Z]U ′′′ where [W/Y ]P ′′

= 〈X〉U x → [V/Z]U ′′′ where P

To finish this case, we still need to show that for U ′ = [V/Z]U ′′′ we have ∆ ` σU ′ ≤ σU .
From the assumption ∆ ` D〈V 〉 ok we get ∆  [V/Z]Q′. W.l.o.g. X∩ ftv([V/Z]Q′) = ∅.
Hence, ∆  σ[V/Z]Q′. From (188) and (190) and the assumption ∆  σP we get
∆  σ[V/Z]P ′′′. Thus, with (189) and Corollary 6.29

∆ ` σ[V/Z]U ′′′ ≤ σ[V/Z][W ′/Y ]U ′′

But with (190) we have σ[V/Z][W ′/Y ]U ′′ = σU .

End case distinction on whether or not m ∈ m′.

End case distinction on the last rule in the derivation of N Ec C 〈W 〉.

Lemma 11.30. Assume mtype∆(m,T ) = 〈X〉U x
n → U where P and let σ be a substitution with

dom(σ) = X. Suppose ` ∆ ok and ∆ ` T ′ ok. If ∆ ` T ′ ≤ T , ∆ ` Ti ≤ σUi for all i ∈ [n],
and ∆  σP, then a-mtype∆(m,T ′, T ) = 〈X〉U ′ x

n → U ′ where P such that ∆ ` Ti ≤ σU ′
i for all

i ∈ [n] and ∆ ` σU ′ ≤ σU .

Proof. Case distinction on the form of m.

• Case m = mc: Then T = C 〈W 〉. We have by Lemma 6.16 that ∆ à
′ T ′ ≤ C 〈W 〉. By

Lemma 11.18 we have

bound∆(T ′) = N

N Ec C 〈W 〉

With Lemma 11.25 we get ∆ ` N ok. The claim now follows with Lemma 11.29.
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• Case m = mi: From mtype∆(m,T ) = 〈X〉U x
n → U where P we get

interface I 〈Z ′〉 [Zl
whereR] where P { . . . rcsig }

rcsigj = receiver {m : msig}
m = mk

msigk = 〈X〉U ′′ x → U ′′ where P ′′

∆  T ′ implements I 〈W 〉 (191) {eq:entails-mt’::lemma:mtype-complete}
T ′

j = T

(U,U,P) = [T ′/Z,W/Z ′](U ′′, U ′′, P ′′) (192) {eq:eqs-up::lemma:mtype-complete}

By Lemma 6.32, there are two possibilities.

Case distinction on the possibilities left by Lemma 6.32.

– Case 1st possibility:

[l] = N1 ∪̇N2

T ′
i = Ki for all i ∈ N1

i ∈ pos−(I) for all i ∈ N1 (193) {eq:n1-neg::lemma:mtype-complete}
T ′

i = Gi for all i ∈ N2 (194) {eq:n2-gtype::lemma:mtype-complete}

∆  T ′′ implements I 〈W 〉 for all T ′′ with T ′′
i = Gi for all i ∈ N2 (195) {eq:impl-for-all::lemma:mtype-complete}

Define for all i ∈ [l]:

V ?
i =

{
contrib′∆;Zi

(U ′′, T ) if i 6= j

contrib′∆;Zi
(Zj U ′′, T ′ T ) if i = j

(196) {eq:def-set-vi::lemma:mtype-complete}

V ?
i =


nil if V ?

i = nil

T ′
i if V ?

i 6= nil and i ∈ N2

Object if V ?
i 6= nil and i ∈ N1

(197) {eq:def-vi::lemma:mtype-complete}

We now prove

for all i ∈ [l], either V ?
i = nil

or V ?
i 6= nil and ∆ à

′ V ′
i ≤ V ?

i for some V ′
i ∈ V ?

i (198) {eq:aux::lemma:mtype-complete}

Assume i ∈ [l].
Case distinction on whether or not V ?

i = nil.

∗ Case V ?
i = nil: Then V ?

i = nil. Thus, (198) holds for this specific i.
∗ Case V ?

i 6= nil: Define

Ti = {Tq | q ∈ [n], U ′′
q = Zi} ∪ (if i = j then {T ′} else ∅)

Then

V ?
i = MUB∆Ti 6= nil (199) {eq:vi-mub::lemma:mtype-complete}

by definition of contrib′. With Corollary 11.15 we get V ?
i 6= ∅.

If i ∈ N1 then V ?
i = Object, so (198) holds for this specific i.

Now suppose i ∈ N2. Then T ′
i = Gi by (194). From the assumptions we get

(∀q ∈ [n]) ∆ ` Tq ≤ σUq
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Let q ∈ [n] such that U ′′
q = Zi. W.l.o.g., X ∩ ftv(T ′) = ∅. Hence, with (192)

σUq = σT ′
i = T ′

i = Gi

Thus, with Lemma 6.16

∆ à
′ Tq ≤ T ′

i

If i = j then we also have T ′
i = T ′

j = T , so by the assumption ∆ ` T ′ ≤ T

∆ ` T ′ ≤ T ′
i

Then again with Lemma 6.16

∆ à
′ T ′ ≤ T ′

i

Hence,

∆ à
′ T̃ ≤ T ′

i for all T̃ ∈ Ti

By (199) and Lemma 11.14, there exists V ′
i ∈ V ?

i such that

∆ à
′ V ′

i ≤ T ′
i

But V ?
i = T ′

i because i ∈ N2.

End case distinction on whether or not V ?
i = nil.

This finishes the proof of (198).
Now define

M = {V implements I 〈V ′′〉 | (∀i ∈ [l]) if V ?
i = nil then V ?

i = nil
else define V ?

i such that
∆ à

′ V ′
i ≤ V ?

i for V ′
i ∈ V ?

i ,

∆ ?
a V ? implements I 〈nil〉 _ V implements I 〈V ′′〉}

(200) {eq:def-set-m::lemma:mtype-complete}

We now show that M 6= ∅. Define for all i ∈ [l]

T ′′′
i =

{
T ′

i if V ?
i = nil

V ?
i otherwise

(201) {eq:def-t’’’::lemma:mtype-complete}

With (195) and the definition of V ?
i :

∆  T ′′′ implements I 〈W 〉 (202) {eq:entails::lemma:mtype-complete}

Clearly, V ? nil ] T ′′′ W and V ?
i 6= nil if i ∈ disp(I). Hence, by Lemma 11.5

∆ ?
a V ? implements I 〈nil〉 _ W ′ implements I 〈W 〉

for W ′ such that

T ′′′
i = W ′

i if V ?
i 6= nil or i /∈ pos−(I) (203) {eq:ti’’’-eq-wi’::lemma:mtype-complete}

With (198) we thus have

W ′ implements I 〈W 〉 ∈ M (204) {eq:elem-M::lemma:mtype-complete}

so

M 6= ∅ (205) {eq:M-not-empty::lemma:mtype-complete}
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Moreover, for all V implements I 〈V ′′〉 ∈ M the following holds:

∆ à
′ Tq ≤ Vi for all i ∈ [l], q ∈ [n] with U ′′

q = Zi (206) {eq:1::lemma:mtype-complete}

∆ à
′ T ′ ≤ Vj (207) {eq:2::lemma:mtype-complete}

V ′′ = W (208) {eq:3::lemma:mtype-complete}

Vi = T ′
i for all i ∈ [l], i /∈ disp(I) ∪ pos−(I) (209) {eq:4::lemma:mtype-complete}

∗ Equations (206) and (207) follow from (200) and (196) and with Lemma 11.26.
∗ To prove equations (208) and (209), proceed as follows: We have by Lemma 11.3

and (200) that

∆  V implements I 〈V ′′〉

With (202) we get

∆  T ′′′ implements I 〈W 〉

Suppose i′ ∈ disp(I). Clearly, V ?
i′ 6= nil. Thus, using Lemma 11.26, (204), (203),

and (200) there exists V ′
i′ , V

′′
i′ ∈ V ?

i′ such that

∆ à
′ V ′

i′ ≤ Vi′

∆ à
′ V ′′

i′ ≤ T ′′′
i′

Define T ′′ = T ′ if i′ = j and T ′′ = Tq for some q ∈ [n] with U ′′
q = Zi′ otherwise.

By (196), the definition of contrib′, and Lemma 11.13 we have

∆ à
′ T ′′ ≤ V ′

i′

∆ à
′ T ′′ ≤ V ′′

i′

Hence,

∆ à
′ T ′′ ≤ Vi′

∆ à
′ T ′′ ≤ T ′′′

i′

With Lemma 11.11 we then get

V ′′ = W

Vi = T ′′′
i for all i /∈ disp(I) ∪ pos−(I)

This proves (208). Now assume i /∈ disp(I) ∪ pos−(I). Then i ∈ N2 by (193). By
(201) and (197) we have T ′′′

i = T ′
i . This proves (209).

Define

p? =

{
i if U ′′ = Zi

nil otherwise
(210) {eq:def-p::lemma:mtype-complete}

Now assume

pick-constrp
?

∆ M = V implements I 〈V ′′〉 (211) {eq:assum::lemma:mtype-complete}

for some V implements I 〈V ′′〉. (We will prove (211) shortly.)
We then can use rule alg-mtype-iface to derive

a-mtype∆(m,T ′, T ) = [V/Z, V ′′/Z ′]msigk

= [V/Z, V ′′/Z ′](〈X〉U ′′ x → U ′′ where P ′′)
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From criterion Wf-Iface-4 we have Z ∩ ftv(P ′′′) = ∅. With (192) and (208) we thus
get

[V/Z, V ′′/Z ′]P ′′ = P

Now suppose i ∈ [n]. Define U ′
i = [V/Z, V ′′/Z ′]U ′′

i .

∗ If Z ∩ ftv(U ′′
i ) = ∅ then with (192) and (208)

σU ′
i = σ[V/Z, V ′′/Z ′]U ′′

i = σ[V ′′/Z ′]U ′′
i = σUi

We now get

∆ ` Ti ≤ σU ′
i

by the assumption ∆ ` Ti ≤ σUi.
∗ If Z ∩ ftv(U ′′

i ) 6= ∅ then by criterion Wf-Iface-4 U ′′
i = Zi′ for some i′ ∈ [l].

W.l.o.g., X ∩ ftv(V ) = ∅. Hence,

σU ′
i = σ[V/Z, V ′′/Z ′]U ′′

i = σVi′ = Vi′

With (206) we have

∆ à
′ Ti ≤ Vi′

Hence,

∆ ` Ti ≤ σU ′
i

Thus, ∆ ` Ti ≤ σU ′
i for all i ∈ [n].

Define

U ′ = [V/Z, V ′′/Z ′]U ′′ (212) {eq:def-u’::lemma:mtype-complete}

We still need to prove ∆ ` σU ′ ≤ σU and (211).
Case distinction on whether or not U ′′ ∈ Z.

∗ Case U ′′ /∈ Z: Then Z ∩ ftv(U ′′) = ∅ by criterion Wf-Iface-4. By (210) we have
p? = nil. Then (211) holds trivially by rule pick-constr-nil. Moreover, we have
with (192) and (208) that

σU ′ = σ[V/Z, V ′′/Z ′]U ′′ = σ[V ′′/Z ′]U ′′ = σU

∗ Case U ′′ ∈ Z: Then U ′′ = Zi for some i ∈ [l] by criterion Wf-Iface-4. By (210)
we have p? = i. Moreover,

i /∈ pos−(I) (213) {eq:i-not-neg::lemma:mtype-complete}

In the following, we use the notation impl(R, q) to denote the q-th implementing
type of R; that is, impl(T implementsK, q) := Tq.
Case distinction on whether or not V ?

i = nil.
· Case V ?

i = nil: By (197) V ?
i = nil, so we get by (196) and the definition of

contrib′ that Zi /∈ U ′′ and i 6= j. Thus, it is easy to verify that i /∈ disp(I). With
(213) then i /∈ disp(I)∪pos−(I). Hence, for all R ∈ M , impl(R, i) = T ′

i by (209).
By rule pick-constr-non-nil we get (211). Obviously, V implements I 〈V ′′〉 ∈
M , so Vi = T ′

i . With (192), (212), and the fact U ′′ = Zi then

σU ′ = σ[V/Z, V ′′/Z ′]U ′′ = σVi = σT ′
i = σU
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· Case V ?
i 6= nil: Because of (213) we have by (193) and (197)

i ∈ N2 (214) {eq:i-in-n2::lemma:mtype-complete}

V ?
i = T ′

i

V ?
i 6= nil (215) {eq:set-vi-not-nil::lemma:mtype-complete}

Suppose R ∈ M . By (200) and (208)

R = . . . implements I 〈W 〉

With (200), Lemma 11.3, and Lemma 11.26

∆  R

∆ à
′ Vi,R ≤ impl(R, i) for some Vi,R ∈ V ?

i (216) {eq:vi-sub-impl-R::lemma:mtype-complete}

Next, we show that

impl(R, i) = Gi,R (217) {eq:impl-i-gtype::lemma:mtype-complete}

for some Gi,R. Assume that this is not the case; that is, impl(R, i) is an interface
type. Because of (213) we get by Lemma 6.32

[l] = {1}
R = J 〈W ′′〉 implements I 〈W 〉 (218) {eq:def-R::lemma:mtype-complete}

J 〈W ′′〉 Ei I 〈W 〉 (219) {eq:jwp-sub-jw::lemma:mtype-complete}

1 ∈ pos+(I)

1 ∈ pos+(J)

Hence, i = j = 1. Because 1 ∈ pos+(I) we have Zi /∈ ftv(U ′′). With (214) and
(194) T ′ = G for some G, so we have with (196) and the definition of contrib′

that V ?
i = {G}. With (216) and (218) then

∆ à
′ G ≤ J 〈W ′′〉

By Lemma 6.11 we then have G = X for some X. Thus, by Lemma 11.27

1 ∈ pos−(J)

With (219) and Lemma 6.20 then also 1 ∈ pos−(I), which is a contradiction to
(213). This finishes the proof of (217).
Our next goal is to prove that there exists some R′ ∈ M such that

∆ à
′ impl(R′, i) ≤ impl(R, i) (220) {eq:sub-R’::lemma:mtype-complete}

for all R ∈ M . Together with (205), this allows us to use rule pick-constr-non-nil

to derive (211), yielding

pick-constrp
?

∆ M = V implements I 〈V ′′〉 = R′ (221) {eq:def-R’::lemma:mtype-complete}

W.l.o.g., assume that impl(R, i) 6= Object for all R ∈ M . (If impl(R, i) =
Object then (220) holds trivially for this R.) Hence, we have with (217)

impl(R, i) = Gi,R 6= Object

With (216), Lemma 6.11, and Lemma 11.8 we then get

V ?
i 3 Vi,R = Hi,R 6= Object (222) {eq:vi-gtype::lemma:mtype-complete}
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By (196) and the definition of contrib′

V ?
i = MUB∆

(
{Tq | q ∈ [n], U ′′

q = Zi} ∪ (if i = j then {T ′} else ∅)
)︸ ︷︷ ︸

=:T

Hence, because Vi,R ∈ V ?
i , we have with Lemma 11.13

∆ à
′ Tq ≤ Vi,R for all q ∈ [n], U ′′

q = Zi

∆ à
′ T ′ ≤ Vi,R if i = j

By (196), (215), and the definition of contrib′, we get T 6= ∅. By (216), (222),
and Lemma 11.16, we get that there exists Vi ∈ V ?

i such that Vi = Vi,R for all
R ∈ M . Hence, with (216),

∆ à
′ Vi ≤ impl(R, i) (223) {eq:one-vi-sub-impl::lemma:mtype-complete}

for all R ∈ M . Now suppose R1,R2 ∈ M . We then have ∆ à
′ Vi ≤ impl(R1, i)

and ∆ à
′ Vi ≤ impl(R2, i), so with Lemma 11.6 and (217)

∆ à
′ impl(R1, i) ≤ impl(R2, i) or ∆ à

′ impl(R2, i) ≤ impl(R1, i)

But with (223) and Lemma 11.12, we know that the set {impl(R, i) | R ∈ M } is
finite. Thus, there exists some R′ ∈ M such that ∆ à

′ impl(R′, i) ≤ impl(R, i).
This finishes the proof of (220) and thus the proof of (211).
Finally, we prove ∆ ` σU ′ ≤ σU . With (204) we have some R′′ ∈ M such that

impl(R′′, i) = W ′
i

(203),(213)
= T ′′′

i

(201)
= V ?

i

(214),(197)
= T ′

i

By (220) then

∆ à
′ impl(R′, i) ≤ T ′

i (224) {eq:impl-sub-ti’::lemma:mtype-complete}

We also have (note U ′′ = Zi)

U ′ (212)
= [V/Z, V ′′/Z ′]U ′′ = [V/Z, V ′′/Z ′]Zi = Vi

(221)
= impl(R′, i)

U
(192)
= T ′

i

W.l.o.g., X ∩ ftv(V ) = ∅ = X ∩ ftv(T ′). Thus, with (224), ∆ ` σU ′ ≤ σU , as
required.

End case distinction on whether or not V ?
i = nil.

End case distinction on whether or not U ′′ ∈ Z.

– Case 2nd possibility:

[l] = {1}
1 ∈ pos+(I)
T = T ′

1 = K (225) {eq:t-eq-k::lemma:mtype-complete}

K Ei I 〈W 〉 (226) {eq:k-extends-iw::lemma:mtype-complete}

(By abuse of notation, we identify pos(K) with pos(J) for K = J 〈T 〉.) Because 1 ∈
pos+(I) we have

Z1 /∈ ftv(U ′′) (227) {eq:z1-notin-u’’::lemma:mtype-complete}
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Define

V ?
1 = contrib′∆;Z1

(Z1 U ′′, T ′ T ) = MUB∆{T ′} = {T ′}
p? = (if U ′′ = Z1 then 1 else nil)

M = {V implements I 〈V ′′〉 | V ′ ∈ V ?
1 ,∆ à

′ V ′ ≤ V,

∆ ?
a V implements I 〈nil〉 _ V implements I 〈V ′′〉}

{V implements I 〈V ′′〉 | ∆ à
′ T ′ ≤ V,

∆ ?
a V implements I 〈nil〉 _ V implements I 〈V ′′〉}

(228) {eq:def-set-m2::lemma:mtype-complete}

We now prove that there exists some T ′′ such that

T ′′ implements I 〈W 〉 ∈ M (229) {eq:t’’-impl-iw::lemma:mtype-complete}
∆ ` T ′′ ≤ K (230) {eq:t’’-st-K::lemma:mtype-complete}

From the assumption ∆ ` T ′ ≤ T and T = K we get ∆ à T ′ ≤ K.
Case distinction on whether or not ∆ à

′ T ′ ≤ K.

∗ Case ∆ à
′ T ′ ≤ K: From (191) we have ∆ a K implements I 〈W 〉, so with

Lemma 11.5 we get that K implements I 〈W 〉 ∈ M . The claims (229) and (230)
then follow for T ′′ = K.

∗ Case not ∆ à
′ T ′ ≤ K: Hence, by inverting rule sub-q-alg-impl,

∆ q̀
′ T ′ ≤ T ′′

∆ q
′ T ′′ implementsK (231) {eq:t’’-impl-K::lemma:mtype-complete}

By rule sub-impl then ∆ ` T ′′ ≤ K. This proves (230). With (226), Lemma 6.26,
and Lemma 6.28, we get ∆ a T ′′ implements I 〈W 〉. With Lemma 11.5 and (228)
then

T ′′ implements I 〈W 〉 ∈ M

This proves (229).

End case distinction on whether or not ∆ à
′ T ′ ≤ K.

This finishes the proof of (229) and (230).
Let R ∈ M . By (228) and Lemma 11.3:

∆ a R (232) {eq:entails-gi::lemma:mtype-complete}
∆ à

′ T ′ ≤ impl(R, 1) (233) {eq:t’-st-impl::lemma:mtype-complete}

Moreover, we have with Lemma 11.11, (229), and (228) that

R = VR implements I 〈W 〉 (234) {eq:form-gi::lemma:mtype-complete}

for some VR.
Case distinction on the form of p?.

∗ Case p? = nil: Then U ′′ 6= Z1. By criterion Wf-Iface-4

Z ∩ ftv(U ′′) = ∅
Z ∩ ftv(P ′′) = ∅

Moreover, by (229) we know that M 6= ∅, so with (234)

pick-constrp
?

∆ M = V implements I 〈W 〉
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for some V implements I 〈W 〉 ∈ M . We then have by rule alg-mtype-iface and
(227)

a-mtype∆(m,T ′, T ) = [W/Z ′]msigk

= [T ′/Z,W/Z ′]msigk

(192)
= 〈X〉U x

n → U where P

as required.
∗ Case p? 6= nil: Then p? = 1 and U ′′ = Z1. Hence

1 /∈ pos−(I) (235) {eq:I-not-neg::lemma:mtype-complete}

We now prove that there exists some R′ ∈ M such that

∆ à
′ impl(R′, 1) ≤ impl(R, 1) for all R ∈ M (236) {eq:sub-R’2::lemma:mtype-complete}

In the following, we assume w.l.o.g. that impl(R, 1) 6= Object for all R ∈ M . (If
impl(R, 1) = Object then (236) holds trivially for this R.)
Case distinction on whether or not there exists R′ ∈ M with impl(R′, 1) = L for
some L.
· Case there exists R′ ∈ M with impl(R′, 1) = L for some L: Then we have

∆ q L implements I 〈W 〉 by (232). Hence, Lemma 6.32 and (235) give us that
L Ei I 〈W 〉, so with (233) and Lemma 6.5 we then have

∆ à
′ T ′ ≤ I 〈W 〉

If T ′ = X then, by Lemma 11.27, 1 ∈ pos−(I), which is a contradiction to (235).
If T ′ = N then, by Lemma 11.27, 1 ∈ pos−(I), which is a contradiction to (235).
Finally, we consider the case where T ′ = K ′. Because impl(R, 1) 6= Object for
all R ∈ M , we have with (233) and Lemma 6.11 that for all R ∈ M :

impl(R, 1) = LR for some LR

K ′ Ei LR (237) {eq:k’-sub2::lemma:mtype-complete}

With (234), (232), (235), and Lemma 6.32 we get

LR Ei I 〈W 〉
1 ∈ pos+(LR)

With Lemma 6.2 then

K ′ Ei I 〈W 〉

Now assume 1 ∈ pos+(K ′). Then

∆ q K ′ implements I 〈W 〉

by rule ent-q-alg-env and Lemma 6.19. Hence, with (228) and Lemma 11.5

K ′ implements I 〈W 〉 ∈ M

With (237), we have ∆ à
′ K ′ ≤ LR for all R ∈ M , so (236) holds.

On the other hand, assume 1 /∈ pos+(K ′). Because of (235), we get with
Lemma 6.20 that 1 /∈ pos−(K ′). With (237) and criterion Wf-Prog-8 we
then have for all R1,R2 ∈ M :

LR1 Ei LR2 or LR2 Ei LR1

With (233) and Lemma 11.12, we know that the set {impl(R, 1) | R ∈ M } is
finite. Thus, (236) holds.
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· Case there does not exist R′ ∈ M with impl(R′, 1) = L for some L: With (233)
and Lemma 11.6 we have for all R1,R2 ∈ M :

LR1 Ei LR2 or LR2 Ei LR1

Thus, (236) holds.
End case distinction on whether or not there exists R′ ∈ M with impl(R′, 1) = L for some L.

This finishes the proof of (236). We now use rule pick-constr-non-nil to derive

pick-constrp
?

∆ M = R′

such that ∆ à
′ impl(R′, 1) ≤ impl(R, 1) for all R ∈ M . We now have by alg-mtype-iface

(note that U ′′ = Z1 and, by criterion Wf-Iface-4, Z ∩ ftv(P ′′) = ∅)

a-mtype∆(m,T ′, T ) = [impl(R′, 1)/Z1,W/Z ′](〈X〉U ′′ x → U ′′ where P ′′)
(192),(227)

= 〈X〉U x → impl(R′, 1) where P

Define U ′ = impl(R′, 1). With (229), (230), and (236) we have

∆ à impl(R′, 1) ≤ K

By (192) and (225) we have

U = T ′
1 = T = K

Hence,

∆ ` U ′ ≤ U

W.l.o.g., X ∩ ftv(T ′,R′) = ∅. Hence

∆ ` σU ′ ≤ σU

as required.

End case distinction on the form of p?.

End case distinction on the possibilities left by Lemma 6.32.

End case distinction on the form of m.

Lemma 11.31. Assume

interface I 〈Z〉 [Y whereR] where Q {m : staticmsig rcsig }
msig = 〈X〉U x → U where P

∆  T implements I 〈W 〉

∆  [V/X][T/Y ,W/Z]P

∆ ` T , V ok

such that either msig ∈ msig or that there exists receiver {m′ : msig ′} ∈ rcsig with msig ∈ msig ′.
Then ∆ ` [V/X][T/Y ,W/Z]U ok.
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Proof. We get with Lemma 11.24 and the assumptions ∆  T implements I 〈W 〉 and ∆ ` T ok
that

∆ ` T implements I 〈W 〉 ok

Hence,

∆ ` W ok

∆  [T/Y ,W/Z]R,Q (238) {eq:entails-rq::lemma:msig-iface-return-type}

Because the underlying program is well-typed, we have

R,Q, Y , Z, P ,X ` U ok (239) {eq:u-ok::lemma:msig-iface-return-type}

W.l.o.g., X ∩ ftv(R,Q, T , W ) = ∅. Hence,

[T/Y ,W/Z]R,Q = [V/X, T/Y ,W/Z]R,Q (240) {eq:eq1::lemma:msig-iface-return-type}

[V/X][T/Y ,W/Z]P = [V/X, T/Y ,W/Z]P (241) {eq:eq2::lemma:msig-iface-return-type}

[V/X][T/Y ,W/Z]U = [V/X, T/Y ,W/Z]U (242) {eq:eq3::lemma:msig-iface-return-type}

With (240) and (238) we then have

∆  [V/X, T/Y ,W/Z]R,Q

With (241) and the assumption ∆  [V/X][T/Y ,W/Z]P we have

∆  [V/X, T/Y ,W/Z]P

With Lemma 7.3 and (239) we then have

∆ ` [V/X, T/Y ,W/Z]U ok

so the claim follows with (242).

Lemma 11.32. Suppose ` ∆ ok and and ∆ ` Tj ok for all j ∈ disp(I). If ∆ ?
a T ? implements I 〈V ?〉 _

T implements I 〈V 〉 and T ?
i = nil then ∆ ` Ti ok.

Proof. We first note that

∆; β;J `?
a T ? ↑ U _ V and Tj = nil imply Vj = Uj (243) {eq:lift::lemma:entails-questionmark-ok}

∆; β;J `?
a T ? ↑ U _ V implies ∆ à

′ Vi ≤ Ui for all i (244) {eq:lift2::lemma:entails-questionmark-ok}

Now we show that

If ` ∆ ok and ∆ ` Tj ok for all j ∈ disp(I) and D::∆; G ;β ?
a T ?

n
implements I 〈V ?〉 _

T implements I 〈V 〉 and T ?
i = nil then ∆ ` Ti ok.

Assume T ?
i = nil. W.l.o.g., i /∈ disp(I).

Case distinction on the last rule of D.

• Case rule ent-nil-alg-env: Then

R ∈ ∆

G implements I 〈V 〉 ∈ sup(R)

∆; β; I `?
a T ? ↑ G _ T

From the assumption ` ∆ ok and Lemma 11.23 we get ∆ ` G implements I 〈V 〉 ok, so
∆ ` Gi ok. But with (243) we have Ti = Gi.
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• Case rule ent-nil-alg-iface1: Impossible because n = 1 and T1 6= nil in this rule.

• Case rule ent-nil-alg-iface2: Impossible because n = 1 and T1 6= nil in this rule.

• Case rule ent-nil-alg-impl: Then

implementation〈X〉 I 〈V ′〉 [N ] where P . . .

∆; β; I `?
a T ? ↑ [U/X]N _ T (245) {eq:lift3::lemma:entails-questionmark-ok}

∆; G ∪ {[U/X]N implements I 〈[U/X]V ′〉}; false a [U/X]P (246) {eq:entails::lemma:entails-questionmark-ok}

With (245) and (244) we get

(∀i) ∆ ` Ti ≤ [U/X]Ni

Thus, if j ∈ disp(I) then ∆ ` Tj ok by assumption, so with Lemma 11.22

∆ à
′ [U/X]Nj ok

From criterion Wf-Impl-1 we get X ⊆ ftv({Nj | j ∈ disp(I)}). Thus, withLemma 7.38,

∆ ` U ok

With Lemma 9.13, (246), and rule ent-q-alg-up, we get

∆ q [U/X]P

Because the underlying program is well-typed we have

P ,X ` N implements I 〈V ′〉 ok

Now Lemma 7.3 yields

∆ ` [U/X](N implements I 〈V ′〉) ok

Thus,

∆ ` [U/X]N ok

But with (243) and (245) we have Ti = [U/X]Ni.

End case distinction on the last rule of D.

Lemma 11.33. Suppose ` ∆ ok and ∆ ` N,V ok and ∆  [V/X]P. If a-mtypec(m,N) =
〈X〉U x → U where P then ∆ ` [V/X]U ok.

Proof. By induction on the derivation D of a-mtypec(m,N) = 〈X〉U x → U where P.
Case distinction on the last rule of D.

• Case rule alg-mtype-direct: Then

N = C 〈T 〉

class C 〈Y 〉 extends M where Q { . . . m : msig {e} }
m = mj

〈X〉U x → U where P = [T/Y ]msigj

Assume

msigj = 〈X〉U ′ x → U ′ where P
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Because the underlying program is well-typed, we have

Q,Y ` mj : msigj {ej} ok inC 〈Y 〉

Hence,

Q,Y , P ,X ` U ′ ok (247) {eq:u’-ok::lemma:cache-subset-goalset+cand}

From ∆ ` N ok we get ∆  [T/Y ]Q and ∆ ` T ok. W.l.o.g., X ∩ ftv(T , Q) = ∅. Hence,
[T/Y ]Q = [V/X, T/Y ]Q, so we have

∆  [V/X, T/Y ]Q

Moreover, the assumption ∆  [V/X]P can be written as

∆  [V/X, T/Y ]P

Using Lemma 7.3 on (247) yields

∆ ` [V/X, T/Y ]U ′︸ ︷︷ ︸
=[V/X]U

ok

as required.

• Case rule alg-mtype-super: Then

class C 〈X〉 extends M . . .

a-mtypec(m, [T/X]M) = 〈X〉U x → U where P

N = C 〈T 〉

Then N Ec [T/X]M , so we get with ∆ ` N ok and Lemma 7.16 that ∆ ` [T/X]M ok. The
claim now follows from the I.H.

End case distinction on the last rule of D.

Lemma 11.34. Suppose ` ∆ ok and ∆ ` T, T , V ok and ∆  [V/X]P. If a-mtype∆(m,T, T ) =
〈X〉U x → U where P then ∆ ` [V/X]U ok.

Proof. Case distinction on the rule used to derive a-mtype∆(m,T, T ) = . . . .

• Case rule alg-mtype-class: Then bound∆(T ) = N and a-mtypec(m,N) = 〈X〉U x →
U where P. With Lemma 11.25 we have ∆ ` N ok. The claim now follows with Lemma 11.33.

• Case rule alg-mtype-iface: Then

interface I 〈Z ′〉 [Zl
whereR] where P { . . . rcsig }

rcsigj = receiver {m : msig}
msigk = 〈X〉U ′ x → U ′ where Q

(∀i ∈ [l], i 6= j) contrib′∆;Zi
(U, T ) = V ?

i

contrib′∆;Zj
(Zj U, T T ) = V ?

j

p? = (if U = Zi for some i ∈ [l] then i else nil)

W implements I 〈W ′〉 =
pick-constrp

?

∆ {V ′′ implements I 〈V ′′′〉 | (∀i ∈ [l]) if V ?
i = nil then V ?

i = nil
else define V ?

i such that
∆ à

′ V ′
i ≤ V ?

i for V ′
i ∈ V ?

i ,

∆ ?
a V ? implements I 〈nil〉 _ V ′′ implements I 〈V ′′′〉}
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and

m = mk

〈X〉U x → U where P = [W/Z,W ′/Z ′]msigk

With Lemma 11.22 and the assumption ∆ ` T, T ok we easily verify that, if V ?
i 6= nil, then

∆ ` V ′
i ok for all V ′

i ∈ V ?
i . Hence, we have with Lemma 11.22 for the V ?

i in the argument
to pick-constrp

?

∆ that

V ?
i 6= nil implies ∆ ` V ?

i ok

Then, by Lemma 11.26, we have for the V ′′
i in the argument to pick-constrp

?

∆

V ?
i 6= nil implies ∆ ` V ′′

i ok

Clearly, V ?
i 6= nil for all i ∈ disp(I), so V ?

i 6= nil for all i ∈ disp(I). Hence, with Lemma 11.32

V ?
i = nil implies ∆ ` V ′′

i ok

Hence,

∆ ` W ok

With Lemma 11.3

∆  W implements I 〈W ′〉

We have [V/X]P = [V/X][W/Z,W ′/Z ′]Q, so with the assumption ∆  [V/X]P and Lemma 11.31

∆ ` [V/X] [W/Z,W ′/Z ′]U ′︸ ︷︷ ︸
=U

ok

as required.

End case distinction on the rule used to derive a-mtype∆(m,T, T ) = . . . .

Lemma 11.35. If ∆ ` N ok and fields(N) = U f
n
, then ∆ ` Ui ok for all i ∈ [n].

Proof. We proceed by induction on the derivation of fields(N) = U f
n
.

Case distinction on the last rule in the derivation of fields(N) = U f
n
.

• Case rule fields-object: Then n = 0 and the claim holds trivially.

• Case rule fields-class: Then N = C 〈V 〉 and

class C 〈X〉 extends M where P {T f . . . }

fields([V/X]M) = T ′ f ′

U f
n

= T ′ f ′, [V/X]T f

Clearly, N Ec [V/X]M , so ∆ ` [V/X]M ok by Lemma 7.16. Hence, we have by the I.H.
that

∆ ` T ′ ok

The underlying program is well-typed, so we have P ,X ` T ok. From ∆ ` C 〈V 〉 ok we get
∆  [V/X]P and ∆ ` V ok. Hence, with Lemma 7.3,

∆ ` [V/X]T ok
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End case distinction on the last rule in the derivation of fields(N) = U f
n
.

Lemma 11.36 (Expression typing ensures well-formedness). Suppose ` ∆ ok and ∆ ` Γ ok. If
∆; Γ à e : T then ∆ ` T ok.

Proof. We proceed by induction on the derivation of ∆; Γ à e : T .
Case distinction on the last rule used in the derivation of ∆; Γ à e : T .

• Case rule exp-alg-var: Follows with the assumption ∆ ` Γ ok.

• Case rule exp-alg-field: Then

∆; Γ à e′ : T ′

bound∆(T ′) = N

fields(N) = U f

e = e′.fj
T = Uj

We get from the I.H. that ∆ ` T ′ ok. With Lemma 11.25 then ∆ ` N ok. Then we get with
Lemma 11.35 that ∆ ` Uj ok.

• Case rule exp-alg-invoke-d: Then

e = e′.m〈V 〉(e)

T = [V/X]U
∆; Γ à e′ : T ′

(∀i) ∆; Γ à ei : Ti

a-mtype∆(m,T ′, T ) = 〈X〉U x → U where P

∆  [V/X]P

∆ ` V ok

Applying the I.H. yields ∆ ` T ′, T ok, so we can apply Lemma 11.34 and get ∆ ` [V/X]U ok,
as required.

• Case rule exp-alg-invoke-s: Then

e = I 〈W 〉[T ].m〈V 〉(e)

T = [V/X]U

∆ ` T , V ok

∆  [V/X]P

a-smtype∆(m, I 〈W 〉[T ]) = 〈X〉U x → U where P

Applying Lemma 11.34 yields ∆ ` [V/X]U ok, as required.

• Case rule exp-alg-new: Then ∆ ` T ok from the premise of this rule.

• Case rule exp-alg-cast: Then ∆ ` T ok from the premise of this rule.

End case distinction on the last rule used in the derivation of ∆; Γ à e : T .

Lemma 11.37. If fields(N) = T f
n

and i ∈ [n], then there exists class C 〈X〉 . . . {V g . . . } such
that N Ec C 〈U〉 and Ti fi = [U/X]Vj gj for some j.
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Proof. We proceed by induction on the derivation of fields(N) = T f
n
. The derivation cannot

end with rule fields-object because this would contradict i ∈ [n]. Hence, the last rule must be
fields-class. We get

N = D〈W 〉
class D〈X〉 extends M where P {T ′ f ′ . . . }

fields([W/X]M) = T ′′ f ′′

T f
n

= T ′′ f ′′
m

, [W/X]T ′ f ′

If i > m set C 〈U〉 = D〈W 〉. Otherwise, the claim follows with the I.H., the fact that D〈W 〉 Ec

[W/X]M , and Lemma 6.2.

Lemma 11.38. Assume ` ∆ ok and ∆ ` T, T ok. If a-mtype∆(m,T, T ) = 〈X〉U x → U where P

then there exists T ′ such that ∆ ` T ≤ T ′ and mtype∆(m,T ′) = 〈X〉U x → U where P.

Proof. Case distinction on the form of m.

• Case m = mc: Then

bound∆(T ) = N

D :: a-mtypec(m,N) = 〈X〉U x → U where P

A straightforward induction on the derivation D shows that there exists N ′ such that

mtype(m,N ′) = 〈X〉U x → U where P

N Ec N ′

With bound∆(T ) = N and Lemma 11.17 we have ∆ ` T ≤ N . Thus, by transitivity of
subtyping,

∆ ` T ≤ N ′

We finish this case by setting T ′ = N ′.

• Case m = mi: Then

interface I 〈Z ′〉 [Zl
whereR] where P { . . . rcsig }

rcsigj = receiver {m : msig}
msigk = 〈X〉U ′ x → U ′ where Q

(∀i ∈ [l], i 6= j) contrib′∆;Zi
(U ′, T ) = V ?

i

contrib′∆;Zj
(Zj U ′, T T ) = V ?

j

p? = (if U ′ = Zi for some i ∈ [l] then i else nil)

W implements I 〈W ′〉 = pick-constrp
?

∆ M

M = {V implements I 〈V ′′〉 | (∀i ∈ [l]) if V ?
i = nil then V ?

i = nil
else define V ?

i such that
∆ à

′ V ′
i ≤ V ?

i for V ′
i ∈ V ?

i ,

∆ ?
a V ? implements I 〈nil〉 _ V implements I 〈V ′′〉}

and

〈X〉U x → U where P = [W/Z,W ′/Z ′](〈X〉U ′ x → U ′ where Q)
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Obviously, V ?
j 6= nil. With Lemma 11.13 and the definition of contrib′ we get

∆ à
′ T ≤ V ′

j for all V ′
j ∈ V ?

j

With Lemma 11.26, we know that for all V implements I 〈V ′′〉 ∈ M there exists some
V ′

j ∈ V ?
j such that

∆ à
′ V ′

j ≤ Vj

With rule sub-trans we thus have

∆ ` T ≤ Wj

By Lemma 11.3 we get

∆  W implements I 〈W ′〉

By rule mtype-iface we now have

mtype∆(m,Wj) = [W/Z,W ′/Z ′]msigk = 〈X〉U x → U where P

Define T ′ = Wj to finish this case.

End case distinction on the form of m.

Theorem 11.39 (Soundness of algorithmic expression typing). Suppose ` ∆ ok and ∆ ` Γ ok.
If ∆; Γ à e : T then ∆; Γ ` e : T .

Proof. We proceed by induction on the derivation of ∆; Γ à e : T .
Case distinction on the last rule of the derivation of ∆; Γ à e : T .

• Case rule exp-alg-var: Obvious.

• Case rule exp-alg-field: Inverting the rule yields

e = e′.fj
∆; Γ à e′ : T ′

bound∆(T ′) = N

fields(N) = U f

T = Uj

With Lemma 11.37 there exists a class C such that

class C 〈X〉 . . . {V g . . . }
N Ec C 〈W 〉

Uj fj = [W/X]Vi gi (248) {eq:1::lemma:soundness-alg-exp-typing}

By Lemma 11.17 we have ∆ ` T ′ ≤ N , so ∆ ` T ′ ≤ C 〈W 〉. We get by the I.H. that
∆; Γ ` e′ : T ′, so with rule exp-subsume, ∆; Γ ` e′ : C 〈W 〉. The claim now follows with rule
exp-field and (248).
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• Case rule exp-alg-invoke-d: We get from the premises of the rule

e = e′.m〈V 〉(e)

T = [V/X]U
∆; Γ à e′ : T ′

(∀i) ∆; Γ à ei : Ti

a-mtype∆(m,T ′, T ) = 〈X〉U x → U where P

(∀i) ∆ à Ti ≤ [V/X]Ui

∆ a [V/X]P

∆ à V ok

By the I.H.

∆; Γ ` e′ : T ′

(∀i) ∆; Γ ` ei : Ti

With Lemma 11.36

∆ ` T ′, T ok

With Lemma 11.38, we get the existence of T ′′ such that

∆ ` T ′ ≤ T ′′

mtype∆(m,T ′′) = 〈X〉U x → U where P

We have by rule exp-subsume

∆; Γ ` e′ : T ′′

(∀i) ∆; Γ ` ei : [V/X]Ui

so the claim follows with rule exp-invoke.

• Case rule exp-alg-invoke-s: We use the I.H. and rule exp-subsume to derive the correct
types for the arguments of the call. With Corollary 11.2, we get that smtype and a-smtype
are equivalent. The claim then follows with rule exp-invoke-s.

• Case rule exp-alg-new: We use the I.H. and rule exp-subsume to derive the correct types
for the arguments of the constructor call. The claim then follows with rule exp-new.

• Case rule exp-alg-cast: Follows from the I.H.

End case distinction on the last rule of the derivation of ∆; Γ à e : T .

Lemma 11.40. If class C 〈X〉 . . . {U f . . . } and N Ec C 〈T 〉 then fields(N) = . . . U ′ f . . . such
that [T/X]U = U ′.

Proof. Follows by a routine induction on the derivation of N Ec C 〈T 〉.

Theorem 11.41 (Completeness of algorithmic expression typing). Suppose ` ∆ ok and ∆ ` Γ ok.
If ∆; Γ ` e : T then ∆; Γ à e : U such that ∆ ` U ≤ T .

Proof. We proceed by induction on the derivation of ∆; Γ ` e : T .
Case distinction on the last rule used in the derivation of ∆; Γ ` e : T .

• Case rule exp-var: Obvious.
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• Case rule exp-field: By inverting the rule, we get

∆; Γ ` e′ : C 〈T 〉
class C 〈X〉 extends N where P {U f . . . }

e = e′.fj

T = [T/X]Uj

We get from the I.H.

∆; Γ à e′ : T ′

∆ ` T ′ ≤ C 〈T 〉

Hence, with Corollary 11.2,

∆ à
′ T ′ ≤ C 〈T 〉

By Lemma 11.18

bound∆(T ′) = N

N Ec C 〈T 〉

By Lemma 11.40

fields(N) = . . . U ′ f . . .

[T/X]U = U ′

The claim now follows with rule exp-alg-field.

• Case rule exp-invoke: Inverting the rule yields

e = e′.m〈V 〉(e)

T = [V/X]U ′

∆; Γ ` e′ : T ′

(∀i) ∆; Γ ` ei : [V/X]Ui

mtype∆(m,T ′) = 〈X〉U x → U ′ where P

∆  [V/X]P

∆ ` V ok

By the I.H.

∆; Γ à e′ : T ′′

∆ ` T ′′ ≤ T ′

(∀i) ∆; Γ à ei : Wi

(∀i) ∆ ` Wi ≤ [V/X]Ui

Now with Lemma 11.36

∆ ` T ′′ ok

By Lemma 11.30

a-mtype∆(m,T ′′,W ) = 〈X〉U ′ x → U ′′ where P

(∀i) ∆ ` Wi ≤ [V/X]U ′
i

∆ ` [V/X]U ′′ ≤ [V/X]U ′
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We now get with rule exp-alg-invoke-d

∆; Γ à e′.m〈V 〉(e) : [V/X]U ′′

• Case rule exp-invoke-s: Inverting the rule yields

e = I 〈W 〉[T ].m〈V 〉(e)

T = [V/X]U ′

smtype∆(m, I 〈W 〉[T ]) = 〈X〉U x → U ′ where P

(∀i) ∆; Γ ` ei : [V/X]Ui

∆  [V/X]P

not 1 ∈ pos+(I) or (∃i) ∆  Ti mono

∆ ` T , V ok

By the I.H.

(∀i) ∆; Γ à ei : Wi

∆ ` Wi ≤ [V/X]Ui

With Corollary 11.2, we get that smtype and a-smtype are equivalent. We then have by rule
exp-alg-invoke-s

∆; Γ à I 〈W 〉[T ].m〈V 〉(e) : [V/X]U ′

• Case rule exp-new: The claim follows from the I.H. and rule exp-new.

• Case rule exp-cast: The claim follows from the I.H. and rule exp-cast.

• Case rule exp-subsume: From the premise of the rule, we get ∆; Γ ` e : U ′ and ∆ ` U ′ ≤ T .
The I.H. yields ∆; Γ à e : U and ∆ ` U ≤ U ′. We then have ∆ ` U ≤ T by rule sub-trans.

End case distinction on the last rule used in the derivation of ∆; Γ ` e : T .

12 Termination of Expression Typing

Lemma 12.1. If T ?
i 6= nil for all i ∈ disp(I), then the set R = {R | ∆ ?

a T ? implements I 〈V ?〉 _
R} is finite.

Proof. We generalize the claim and prove that R = {R | ∆; G ;β ?
a T ? implements I 〈V ?〉 _

R} is finite. Assume R = {R1,R2, . . . } is infinite. W.l.o.g., assume for all i ∈ N

Di :: ∆; G ;β ?
a T ? implements I 〈V ?〉 _ Ri

i 6= j implies Ri 6= Rj

such that all Di end with the same rule.
Case distinction on the last rule in all Di.

• Case rule ent-nil-alg-env: Impossible because ∆ is finite and, obviously, sup(S) is finite for
all S.

• Case rule ent-nil-alg-iface1: Impossible because the set {I 〈V 〉 | ∆; β; I à T1 ↑ I 〈V 〉} is
finite by Lemma 11.12.
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• Case rule ent-nil-alg-iface2: Impossible because the set {J 〈V 〉 | J ′〈W 〉 Ei J 〈V 〉} is finite
by Lemma 11.12.

• Case rule ent-nil-alg-impl: W.l.o.g., assume that the same implementation definition

implementation〈X〉 I 〈V 〉 [N ] where P . . .

appears in the premise of the last rule of every Di. (There are only finitely many im-
plementation definitions in a program, so infinitely many derivations must share the same
implementation definition.) We then have

Ri = T implements I 〈[Ui/X]V 〉

∆; β; I `?
a T ? ↑ [Ui/X]N _ T

Clearly, for j ∈ disp(I), we have

∆ à
′ T ?

j ≤ [Ui/X]Nj

With criterion Wf-Impl-1 we have X ⊆ ftv({Ni | i ∈ disp(I)}, so with Lemma 11.12 we
know that the set {Ui | i ∈ N} is finite. Hence, the set

{[Ui/X]N | i ∈ N} ∪ {[Ui/X]V | i ∈ N}

is finite. But if T ?
j = nil then Tj = [Ui/X]Nj . Hence, the set R cannot be infinite, which

contradicts our assumption.

End case distinction on the last rule in all Di.

Lemma 12.2. Let

M = {V implements I 〈V ′′〉 | (∀i ∈ [l]) if V ?
i = nil then V ?

i = nil
else define V ?

i such that
∆ à

′ V ′
i ≤ V ?

i for V ′
i ∈ V ?

i ,

∆ ?
a V ? implements I 〈nil〉 _ V implements I 〈V ′′〉}

If V ?
i 6= nil for all i ∈ disp(I) and all V ?

i are finite, then M is finite.

Proof. With Lemma 11.12 we know that only finitely many choices for the V ?
i s in the definition

of M exist. Moreover, V ?
i 6= nil for all i ∈ disp(I). The claim now follows with Lemma 12.1.

Theorem 12.3. The problem of finding some type T such that ∆; Γ ` e : T is derivable for given
∆, Γ, and e is decidable.

Proof. By Theorem 11.39 and Theorem 11.41, it suffices to define a total function type(∆,Γ, e)
that returns type T if, and only if, ∆; Γ à e : T is derivable. The definition of type is straight-
forward, so we only need to verify that type is a total function; that is, that type terminates for
all inputs. Clearly, the third argument of a recursive call of type is always a subexpression of the
original expression argument; hence, there are only finitely many recursive calls of type. Similarly,
the function checking the relations ∆ à T ok and ∆ à P ok calls itself only on strictly smaller
arguments. Moreover, the functions entails and sub for checking entailment and subtyping,
respectively, terminate by Theorem 10.22.

The only possible sources of non-termination left are the auxiliaries a-mtype, a-smtype, bound,
and fields. Thereof, a-smtype and fields obviously terminate. A call bound∆(N) or bound∆(N)
clearly terminates. For bound∆(X), we get by Lemma 11.12 that the set {∆ à

′ X ≤ N} is finite.
Thus, a call bound∆(X) also terminates.

We now consider a call a-mtype(m,T, T ). If m = mc, then the call obviously terminates.
Otherwise, we check that all premises of rule alg-mtype-iface terminate. With Lemma 11.12
we easily verify that all V ?

i in the premise are finite and that V ?
i 6= nil for all i ∈ disp(I). By

Lemma 12.2 we then have that the argument of pick-constr is finite, so the premise involving
pick-constr terminates. The remaining premises terminate trivially.
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unifyu(∆, X, {G11 u? G12, . . . , Gn1 u? Gn2}) {
for ( ((i1, j1), . . . , (in, jn)) ∈

∏n
i=1{(1, 2), (2, 1)} ) {

U = (∆, X, {G1i1 ≤? G1j1 , . . . , Gnin
≤? Gnjn

});
if (unify≤(U) == OK(σ))

5 return OK(σ);
}
return FAIL;

}

Figure 21: Algorithm for unification modulo greatest lower bounds

13 Checking the Well-formedness Criteria

It is not obvious how to check well-formedness criteria Wf-Prog-2, Wf-Prog-3, Wf-Prog-4,
Wf-Tenv-3, and Wf-Tenv-7(2). In Sec. 13.1, we now show how to check all of these criteria
except criterion Wf-Tenv-3. Sec. 13.2 then deals with criterion Wf-Tenv-3.

13.1 Unification and Subtyping

Directly checking well-formedness criteria Wf-Prog-2, Wf-Prog-3, Wf-Prog-4, and Wf-
Tenv-7(2) is not possible because these criteria involve universal quantification over one or two
substitutions subject to subtype or greatest lower bounds conditions.

Definition 13.1 (Unification modulo greatest lower bounds). A unification problem modulo
greatest lower bounds is a triple

U = (∆, X, {G1 ≤? H1, . . . Gn ≤? Hn}) .

A solution of U is a substitution σ with dom(σ) ⊆ X such that ∆ ` σGi u σHi for all i ∈ [n]. We
write sol(U) for the set of all solutions of U. A most general solution of U is a solution σ such
that for any other solution σ′ it holds that σ � σ′. We say that U is well-formed iff ftv(∆)∩X = ∅
and Gi = Y (or Hi = Y ) implies Y /∈ X for any i ∈ [n].

Fig. 21 defines an algorithm for solving unification problems modulo greatest lower bounds.
By looking at Definition 5.3, we see that a solution of (∆, X, {G11 u? G12, . . . , Gn1 u? Gn2}) must
also solve the unification problem modulo subtyping (∆, X, {G1i1 ≤? G1j1 , . . . , Gnin ≤? Gnjn}) for
a set of pairs {(i1, j1), . . . , (in, jn)} where (ik, jk) ∈ {(1, 2), (2, 1)} for all k ∈ [n]. The pseudo-code
in Fig. 21 essentially tries all possible set of pairs.

Lemma 13.2. Suppose

U = (∆, X, {G11 u? G12, . . . , Gn1 u? Gn2})

((i1, j1), . . . , (in, jn)) ∈
n∏

i=1

{(1, 2), (2, 1)}

U′ = (∆, X, {G1i1 ≤? G1j1 , . . . , Gnin ≤? Gnjn})

and assume that U is well-formed. Then either sol(U′) = ∅ or sol(U) = sol(U′).

Proof. If sol(U′) = ∅, then nothing is to prove. Thus, assume sol(U′) 6= ∅.

• “sol(U) ⊆ sol(U′)”. Assume σ ∈ sol(U). Then, by Definition 5.3,

((i′1, j
′
1), . . . , (i

′
n, j′n)) ∈

n∏
i=1

{(1, 2), (2, 1)}
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such that for all k ∈ [n]

∆ ` σGki′k
≤ σGkj′

k
(249) {eq:st’::lemma:solution-glb}

From sol(U′) 6= ∅ we get the existence of a substitution τ such that for all k ∈ [n]

∆ ` τGkik
≤ σGkjk

It is easy to see that, because U is well-formed, U′ is well-formed. Hence,

dom(σ) ⊆ X (250) {eq:dom1::lemma:solution-glb}

dom(τ) ⊆ X (251) {eq:dom2::lemma:solution-glb}

We now show ∆ ` σGkik
≤ σGkjk

for all k ∈ [n]. This implies σ ∈ sol(U′).

Assume k ∈ [n]. We have (ik, jk) = (1, 2) or (ik, jk) = (2, 1), and (i′k, j′k) = (1, 2) or
(i′k, j′k) = (2, 1). If (ik, jk) = (i′k, j′k) then with (249) ∆ ` σGkik

≤ σGkjk
. Thus, assume

(ik, jk) 6= (i′k, j′k). W.l.o.g., (ik, jk) = (1, 2) and (i′k, j′k) = (2, 1). Hence, ∆ ` σGk2 ≤ σGk1

and ∆ ` τGk1 ≤ τGk2. With (250), (251), and the well-formedness of U, we know that
σGk2, σGk1, τGk2, and τGk1 are all G-types. Thus, with Theorem 6.34 and Lemma 6.16:

∆ q̀
′ σGk2 ≤ σGk1

∆ q̀
′ τGk1 ≤ τGk2

Case distinction on the form of Gk2.

– Case Gk2 = Y for some Y : U is well-formed, so Y /∈ X. Hence, with (250) and
(251), σGk2 = Y = τGk2. With Lemma 6.11 then τGk1 = Y , so Gk1 = Y . Thus,
∆ ` σGkik

≤ σGkjk
.

– Case Gk2 = C 〈T 〉 for some C 〈T 〉: With Lemma 6.11 then σGk1 = σD〈U〉. By inverting
rule sub-q-alg-class, we get

σC 〈T 〉 Ec σD〈U〉
τD〈U〉 Ec τC 〈T 〉

The class graph is acyclic (criterion Wf-Prog-5), so

C = D

σT = σU

Thus, ∆ ` σGk1 ≤ σGk2, so ∆ ` σGkik
≤ σGkjk

.

End case distinction on the form of Gk2.

• “sol(U′) ⊆ sol(U)”. If σ ∈ sol(U′) then obviously also σ ∈ sol(U).

Theorem 13.3 (Soundness, completeness, and termination of unifyu(U)). Let U be a well-formed
unification problem modulo greatest lower bounds. If U has a solution then unifyu(U) returns
OK(σ), where σ is an idempotent, most general solution of U. If U does not have a solution,
unifyu(U) returns FAIL.

Proof. Termination of unifyu(U) follows from Theorem 10.5.
Next, assume U does not have a solution. Thus, none of the unification problems constructed

in line 3 of Fig. 21 has a solution. The claim now follows from Theorem 10.8.
Finally, assume that U has a solution. Thus, some of the unification problems constructed in

line 3 have solutions. Assume that U′ is the first of these problems. According to Lemma 13.2,
we then have sol(U) = sol(U′). The claim now follows with Theorem 10.9.
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Lemma 13.4. If a well-formed unification problem modulo subtyping (or modulo greatest lower
bounds) has a solution, than it also has a most general solution.

Proof. Follows from Theorems 10.5, 10.8, 10.9, and 13.3.

Now we are in the position to present alternative formulations of well-formedness criteria Wf-
Prog-2, Wf-Prog-3, Wf-Prog-4, and Wf-Tenv-7(2).

Wf-Prog-2′ For each pair of disjoint implementation definitions

implementation〈X〉 I 〈T 〉 [M ] where P . . . implementation〈Y 〉 I 〈U〉 [N ] where Q . . .

with X∩Y = ∅ and where σ is a most general solution to the unification problem (∅, X Y , {Mi u?

Ni | i ∈ disp(I)}), it holds that σT = σU and that σMj = σNj for all j /∈ disp(I).

Wf-Prog-3′ For each pair of disjoint implementation definitions

implementation〈X〉 I 〈T 〉 [N
n

] where P . . .
implementation〈X ′〉 I 〈T ′〉 [N ′n ] where P ′ . . .

with X ∩ X ′ = ∅ and where σ is a most general solution to the unification problem
(∅, X X ′, {Ni u? N ′

i | i ∈ [n]}), there exists an implementation definition

implementation〈Y 〉 I 〈U〉 [M ] where Q . . .

and a substitution [W/Y ] such that ∅ ` σN u σN ′ = [W/Y ]M .

Wf-Prog-4′ For each pair of disjoint implementation definitions

implementation〈X〉 I 〈T 〉 [M ] where P . . . implementation〈Y 〉 I 〈U〉 [N ] where Q . . .

with X ∩ X ′ = ∅ and where σ is a most general solution to the unification problem
(∅, X Y , {Mi ≤? Ni | i ∈ [n]}), it holds that for all P ∈ σP either {Q ∈ σQ}  P or
P ∈ σQ ∪ sup(σQ) ∪ {T extendsU | T extendsU ′ ∈ σQ, {Q ∈ σQ} q̀

′ U ′ ≤ U}.

Wf-Tenv-7′

1. Unchanged from criterion Wf-Tenv-7.

2. For each constraint and each implementation definition

G implements I 〈T 〉 ∈ sup(∆)
implementation〈X〉 I 〈W 〉 [N ] where P . . .

with X ∩ ftv(sup(∆)) = ∅ and where σ is a most general solution to the unification
problem (∆, X, {Gi u? Ni | i ∈ disp(I)}), it holds that T = σW and Gj = σNj for all
j /∈ disp(I) ∪ pos−(I).

Given the algorithms in Fig. 15 and Fig. 21, we can effectively check the criteria just defined.

Lemma 13.5. Criterion Wf-Prog-2 and criterion Wf-Prog-2′ are equivalent.

Proof. The proof is easy, using Lemma 13.4 for the implication “⇐”.

Lemma 13.6. Criterion Wf-Prog-3 and criterion Wf-Prog-3′ are equivalent.

Proof. The proof is easy, using Lemma 13.4 for the implication “⇐”.

Lemma 13.7. Criterion Wf-Prog-4′ implies criterion Wf-Prog-4.
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Proof. Assume

implementation〈X〉 I 〈T 〉 [M ] where P . . . implementation〈Y 〉 I 〈U〉 [N ] where Q . . .

[V/X]M Ec [W/Y ]N and ∅  [W/Y ]Q.
W.l.o.g., X∩Y = ∅ and the two implementation definitions given are disjoint. From [V/X]M Ec

[W/Y ]N and Lemma 13.4 we get the existence of a substitution σ such that σM Ec σN and
[V/X] = σ′σ and [W/Y ] = σ′σ for some substitution σ′.

Now assume P ∈ [V/X]P . That is, there exists some i such that P = [V/X]Pi. From
criterion Wf-Prog-4′ we then get that either {Q ∈ σQ}  σPi or σPi ∈ sup(σQ)∪{T extendsU |
T extendsU ′ ∈ σQ, σQ q̀

′ U ′ ≤ U}

• Case {Q ∈ σQ}  σPi. We have ∅  σ′{Q ∈ σQ}, so ∅  [V/X]Pi by Lemma 7.1.

• Case σPi ∈ sup(σQ) ∪ {T extendsU | T extendsU ′ ∈ σQ, σQ q̀
′ U ′ ≤ U}.

If σPi ∈ sup(σQ), then [V/X]Pi ∈ sup([W/Y ]Q) by Lemma 6.15. We then get with ∅ 
[W/Y ]Q, Theorem 6.34, Lemma 6.28, and Theorem 6.36. that ∅  [V/X]Pi.

Suppose σPi ∈ {T extendsU | T extendsU ′ ∈ σQ, σQ q̀
′ U ′ ≤ U} and assume σPi =

T extendsU with T extendsU ′ ∈ σQ and σQ q̀
′ U ′ ≤ U . With ∅  [W/Y ]Q then

∅ ` σ′T ≤ σ′U ′

and with rule sub-q-alg-kernel, Theorem 6.36, and Lemma 7.1:

∅ ` σ′U ′ ≤ σ′U

By transitivity of subtyping and rule ent-extends then ∅  [V/X]Pi.

This proves ∅  [V/X]P .

Lemma 13.8. Criterion Wf-Tenv-7 and criterion Wf-Tenv-7′ are equivalent.

Proof. The proof is easy, using Lemma 13.4 for the implication “⇐”.

13.2 Finitary Closure of Types

Criterion Wf-Tenv-3 requires cls∆(T ) to be finite for every finite set of types T . We now present
an equivalent, syntactic characterization of this property, which was originally developed by [3].
Most definitions, lemmas, and proofs in this section are heavily based on work by [2].

Definition 13.9 (Type parameter dependency graph). The type parameter dependency graph
D is a labeled graph D = (V ,E ).

The set of vertices V consists of all the formal type parameters to classes in the program:

V = {C#i | class C 〈Xn〉 extends N . . . , i ∈ [n]}

At some points, we use the name of the formal type parameter Xi instead of C#i, assuming the
names of all formal type parameters are (α-converted to be) distinct.

The set of labeled edges E = E0 ∪ E1, where the labels are drawn from the set {0, 1}, represent
uses of formal type parameters. Edges labeled with 0 are called non-expansive edges:

E0 = {C#i
0→ D#j | class C 〈Xn〉 extends N . . . ,D〈T 〉 subterm of N,Xi = Tj}

Edges labeled with 1 are called expansive edges:

E1 = {C#i
1→ D#j | class C 〈Xn〉 extends N . . . ,D〈T 〉 subterm of N,

Xi proper subterm of Tj}

The type parameter dependency graph is said to be expansive iff it contains a cycle with at least
one expansive edge. Otherwise, the type parameter dependency graph is said to be non-expansive.
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Definition 13.10 (Levels in the type parameter dependency graph). Let D = (V ,E ) be a type
parameter dependency graph. The level of a vertex X ∈ V , written level(X), is a natural number
such that for X, Y ∈ V the following property holds:

if X → Y and Y →+ X then level(X) = level(Y )

if X → Y and not Y →+ X then level(X) > level(Y )

Definition 13.11 (Paths). A path is a sequence of formal type parameters, where ε denotes the
empty path and X.p is the path consisting of formal type parameter X prepended to path p. By
interpreting a path p as a partial function from terms to subterms, we may use p to identify a
particular subterm in a type:

ε(T ) = T
p(Ti) = U

(C#i.p)(C 〈T 〉) = U

We say that p is a path in T if p(T ) is defined.

Definition 13.12. Let L, δ ∈ N. The predicate φL,δ(p) holds for a path p iff p can be divided into a
sequence of (possibly empty) sequences of type parameters whose levels are bounded by 0, . . . , L−1
and whose lengths are bounded by δ. That is, φL,δ(p) means that p has the form X0 X1 . . . XL−1,
such that, for all l ∈ {0, . . . , L− 1}, level(X) ≤ l for all X ∈ Xl and |Xl| ≤ δ.

We extend φL,δ to types by defining that φL,δ(T ) holds for a type T iff φL,δ(p) holds for every
path p in T .

Lemma 13.13. If φL,δ(T ) then height(T ) ≤ δL.

Proof. Easy.

Let D = (V ,E ) be the type parameter dependency graph of the underlying program. We define
L ∈ N as the number of levels in D (that is, 0 ≤ level(X) < L for any formal type parameter X).
Moreover, we define δ ∈ N as a bound on the height of the superclasses of the underlying program.
That is, class C 〈X〉 extends N . . . implies height(N) ≤ δ. In the following, we write φ instead
of φL,δ.

Lemma 13.14. If height(T ) ≤ δ then φ(T ).

Proof. Easy.

Lemma 13.15. If N Ec M and φ(N) then φ(M).

Proof. We proceed by induction on the derivation of N Ec M . If the last rule in this derivation
is ext-c-refl, then the claim holds trivially. Otherwise, we have

class C 〈X〉 extends N ′ . . .

[T/X]N ′ Ec M

N = C 〈T 〉

We now show φ([T/X]N ′), the claim then follows by the I.H. Note that height(N ′) ≤ δ by definition
of δ.

Consider a path p in [T/X]N ′. There are two possibilities. First, p could be simply a path in
N ′ that maps to a non-variable type. In this case, we know |p| ≤ δ, so we have φ(p) immediately.

Otherwise p = p′.q for paths p′ and q such that p′ is non-empty, p′(N ′) = Xi and q is a path
in Ti. Hence, C#i.q is a path in C 〈T 〉, and so from φ(C 〈T 〉), we can deduce φ(C#i.q), or written
another way, φ(Xi.q). Now if level(Xi) = k then q = Yk Yk+1 . . . YL−1, with level(Yli) ≤ l for all i
and k ≤ l < L and with |Yk| < δ and |Yl| ≤ δ for k < l < L. Suppose p′ = Z.Z. By definition of
the type parameter dependency graph, we know that Xi

1→ Zj for each j and that Xi
0→ Z. The

type parameter dependency graph is non-expansive, so there is no j such that Zj →+ Xi. Hence,
level(Zj) < level(Xi) = k for each j. Finally, because |Z| < δ and level(Z) ≤ k and |Yk| < δ, we
see that p = Z (Z.Yk) Yk+1 . . . YL−1 satisfies φ, as required.
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Lemma 13.16. Assume that δ is not only a bound on the height of the superclasses of the under-
lying program, but also a bound on the height of the types in ∆. If ∆ q̀

′ U ≤ N and φ(U), then
φ(N).

Proof. We proceed by induction on the derivation of ∆ q̀
′ U ≤ N .

Case distinction on the last rule in the derivation of ∆ q̀
′ U ≤ N .

• Case rule sub-q-alg-obj: Trivial.

• Case rule sub-q-alg-var-refl: Impossible.

• Case rule sub-q-alg-var: Then X = U , X extendsU ′ ∈ ∆, and ∆ q̀
′ U ′ ≤ N . Hence,

height(U ′) ≤ δ, so φ(U ′) by Lemma 13.14. The claim now follows from the I.H.

• Case rule sub-q-alg-class: Follows by Lemma 13.15.

• Case rule sub-q-alg-iface: Impossible.

End case distinction on the last rule in the derivation of ∆ q̀
′ U ≤ N .

Lemma 13.17. Suppose ∆ is finite and assume that the type parameter dependency graph is
non-expansive. Then cls∆(T ) is finite for every finite T .

Proof. Let T be a finite set of types. We can safely assume that δ is not only a bound on
height of the superclasses of the underlying program, but also a bound on the height of the types
in T and ∆. We now prove that the height of types in cls∆(T ) is bounded by δL; then, because
the set of types of a certain height is finite, it follows that cls∆(T ) is finite.

By Lemma 13.13, it suffices to show that φ holds for all types in cls∆(T ). Assume T ∈ cls∆(T ).
We proceed by induction on the derivation of T ∈ cls∆(T ).
Case distinction on the last rule of the derivation of T ∈ cls∆(T ).

• Case rule cls-id: Then T in T , so height(T ) ≤ δ. Then φ(T ) with Lemma 13.14.

• Case rule cls-up: Then we have U ∈ cls∆(T ) and ∆ à
′ U ≤ N and T = N . From the I.H.

we get φ(U). Moreover, with Theorem 10.10 we have ∆ q̀
′ U ≤ N . The claim now follows

with Lemma 13.16.

• Case rule cls-decomp: Then B〈U〉 ∈ cls∆(T ) and T = Ui. From the I.H. we know φ(B〈U〉),
so φ(Ui) also holds.

End case distinction on the last rule of the derivation of T ∈ cls∆(T ).

Lemma 13.18. Suppose C 〈T 〉 ∈ cls∆(T ).

(i) If C#i
0→ D#j then D〈U〉 ∈ cls∆(T ) for some U with Uj = Ti.

(ii) If C#i
1→ D#j then D〈U〉 ∈ cls∆(T ) for some U such that Ti is a proper subterm of Uj.

Proof.

(i) From the definition of the type parameter dependency graph, we get

class C 〈X〉 extends N . . .

D〈V 〉 subterm of N

Vj = Xi

Obviously, ∆ à
′ C 〈T 〉 ≤ [T/X]N , so we have with rule cls-up that

[T/X]N ∈ cls∆(T )

Possibly repeated applications of rule cls-decomp then yield [T/X]D〈V 〉 ∈ cls∆(T ), from
which the claim follows immediately.
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(ii) Similar.

Lemma 13.19. Assume cls∆(T ) is finite for every finite T . Then the type parameter dependency
graph is non-expansive.

Proof. We prove the contraposition; that is, we assume that the type parameter dependency
graph is expansive and show that there exists a finite set T such that cls∆(T ) infinite.

Suppose the type parameter dependency graph is expansive; that is, there is a cycle such that
at least one of the edges of the cycle (say the first) is expansive. Thus, either C#i

1→ C#i or
C#i

1→ D#j →+ C#i. Now consider C = cls∆({C 〈Object〉}).

• By possibly repeated applications of Lemma 13.18 we see that also C 〈U1〉 ∈ C such that
Object is a proper subterm of U1i.

• By possibly repeated applications of Lemma 13.18 we see that also C 〈U2〉 ∈ C such that
U1i is a proper subterm of U2i.

• By possibly repeated applications of Lemma 13.18 we see that also C 〈U3〉 ∈ C such that
U2i is a proper subterm of U3i.

• . . .

Hence, there is a chain of types C 〈Object〉 = C 〈U0〉,C 〈U1〉,C 〈U2〉, . . . such that C 〈Ui〉 ∈ C and
C 〈Ui+1〉 is strictly larger than C 〈Ui〉 for all i ∈ N. Thus, C is infinite.

We are now ready to give an equivalent formulation of criterion Wf-Tenv-3.

Wf-Tenv-3′ The type parameter dependency graph of the underlying program is non-expansive.

Lemma 13.20. Criterion Wf-Tenv-3 and criterion Wf-Tenv-3′ are equivalent.

Proof. Follows from Lemma 13.17, Lemma 13.19, and criterion Wf-Tenv-1.
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